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Jahn-Teller effect and topological Jahn-Teller 
Mott insulators in magic-angle twisted-bilayer 

graphene



Outline of the lectures

• peculiar features of the band structure of magic-angle twisted bilayer 
graphene with relaxed atomic positions 


• effects of special phonon displacements on the tight-binding band 
structure: emergence of an e×E Jahn-Teller effect?


• explicit construction of the Jahn-Teller model in the continuum 
representation of Bistritzer and MacDonald


• interplay between Coulomb repulsion and Jahn-Teller phonon mediated 
electron-electron attraction: Hartree-Fock phase diagram and dynamical 
Jahn-Teller effect
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Twisted bilayer graphene 

take a graphene AA stacked bilayer and rotate one sheet of an angle θ 
with respect to the other sheet



Twisted bilayer graphene 

moiré pattern



Twisted bilayer graphene 

AA

AB BA

BA

BA AB

AB

moiré pattern



R. Bistritzer and A.H. MacDonald, PNAS 108, 12233 (2011)

there are magic angles 
where the velocity at 

the Dirac nodes 
vanishes

no gap in the spectrum 
at the magic angle

Band structure of unrelaxed twisted bilayer graphene

there are still Dirac 
nodes



First question: why experimentally the twisted 
bilayer near the magic angle is insulating for 


n = ±4 electrons per moiré unit cell, whereas band 
structure calculations predict a metallic behaviour.


Answer: atomic relaxation

Lucignano et al., PRB 99, 195419 (2019)



Since Bernal stacking has lower energy, the twisted bilayer relaxes so as to maximise AB and 
BA Bernal stacked regions and minimise AA ones

domain walls (saddle points) 
separating AB from BA regions

AA Bernal domain wall
in-plane 


displacement
out-of-plane 

displacement

θ = 1.08º

Phys. Rev. B 98, 235137 (2018)



next step: tight-binding calculation with realistic 

              Slater-Koster parameters describing hopping between 

              pz orbitals of carbon atoms in the relaxed positions

Vpp�(⇡)(r) = V 0
pp�(⇡) e

�r/r0

<latexit sha1_base64="e5Ksxom6K/lB9De4Sx4YViUzBNw="></latexit>

<latexit sha1_base64="Gevkpte9H0JxLsDkODW7gcs8oJo="></latexit>

t(r) = Vpp�(r)
r · ez
r

+ Vpp⇡(r)

✓
1� r · ez

r

◆

r

<latexit sha1_base64="RZmEasu5WOAmuIYJHCzsPE6dXI8="></latexit>ez



indeed four flat 
bands around 

charge neutrality, 
separated by a gap 

from all other bands

𝚪

M

K2

K1

mini Brillouin zone



Common approach to narrow bands: 

•build a tight-binding model with short range hopping for the 4 mini-bands, add 
interaction, and study the model by many-body tools

need to construct Wannier orbitals



Symmetries
•full D6 space group symmetry 
(C3z , C2z , C2x , C2y )

𝚪: D6 M: D2

K: D3



C3z C2x C2y functions
A1(1) +1 +1 +1 x2 + y2

A2(1) +1 -1 -1 z
B1(1) +1 +1 -1 x(x2 � 3y2)
B2(1) +1 -1 +1 y(3x2 � y2)

E1(2)

✓
e2i⇡/3 0
0 e�2i⇡/3

◆ ✓
0 1
1 0

◆ ✓
0 �1
�1 0

◆ ✓
x+ i y
x� i y

◆

E2(2)

✓
e2i⇡/3 0
0 e�2i⇡/3

◆ ✓
0 1
1 0

◆ ✓
0 1
1 0

◆ ✓
x2 � y2 � i xy
x2 � y2 + i xy

◆

<latexit sha1_base64="SzinBuj85L5yZWui7mop3O82idE="></latexit>

irreducible representations of D6 space group 

kx

ky

C2y

C2xC3z

(little group at 𝚪)



irreducible representations of D3 space group 

C3z

C2y (little group at K)
<latexit sha1_base64="t6ZwoyTfFvD/yhItyVnEoPG+eCI="></latexit>

C3z C2y

A1(1) +1 +1
A2(1) +1 -1

E(2)

✓
e2i⇡/3 0
0 e�2i⇡/3

◆ ✓
0 1
1 0

◆

irreducible representations of D2 space group 
(little group at M)

C2y

C2x

<latexit sha1_base64="a+P302YKqtyK6gV1U557gz7IDks="></latexit>

C2y C2x

A(1) +1 +1
B1(1) -1 -1
B2(1) +1 -1
B3(1) -1 +1



Emergent U(1) valley symmetry

K1

K2-K1

-K2

K1 of layer 1 and -K2 of layer 2 fold 
into K1 of the mini Brillouin zone


& 

K2 of layer 1 and -K1 of layer 2 fold 
into K2 of the mini Brillouin zone 

In spite of that, K1 (valley τ3 = +1) and -K2 (τ3 = -1) are uncoupled at small 
twist angle, as well as K2 (τ3 = +1) and -K1 (τ3 = -1). 


The tight-binding Hamiltonian effectively commutes with τ3 that becomes 
the generator of a valley Uv(1)



Symmetries

•D6 space group symmetry 
(C3z , C2z , C2x , C2y )


• time reversal T


•Valley U(1) symmetry



Symmetry analysis of the flat bands Bloch waves 

𝚪K1 M K2

E + E 

𝚪: D6

K: D3

M: D2

• Elementary band representation cannot reproduce the symmetry properties of Bloch waves. 
No Wannierization of the flat bands may yield short-range hoppings (Wannier obstruction), 
which hints at non trivial topology [Zou et al., Phys. Rev. B 98, 085435 (2018)]

B1 + B2 

A + B3 
A1 + B1 

A2 + B2 



𝚪K1 M K2

E + E 

𝚪: D6

K: D3

M: D2

• Elementary band representation cannot reproduce the symmetry properties of Bloch waves. 
No Wannierization of the flat bands may yield short-range hoppings (Wannier obstruction), 
which hints at non trivial topology

B1 + B2 

A + B3 
A1 + B1 

A2 + B2 

2π0
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finite winding number

Symmetry analysis of the flat bands Bloch waves 



𝚪K1 M K2

E + E 

C2y  invariant line

C2y  invariant line

𝚪: D6

K: D3

M: D2

•accidental degeneracy along all lines invariant under C2y. WHY?

B1 + B2 

A + B3 
A1 + B1 

A2 + B2 

C2x  invariant line

𝚪

K1

K2
M

Symmetry analysis of the flat bands Bloch waves 



K1

K2-K1

-K2

y C2y exchanges the valleys

on the C2y invariant lines

<latexit sha1_base64="okjMWEk+kCSKGVNu+Qwb3KwZzJs="></latexit>

C2y ⌘ ⌧1

<latexit sha1_base64="dMKZPjGebpyC+00VbWbw/QkeR+4="></latexit>

C2y ⌘ ⌧1 ⇥
�
k ! C2y(k)

�

• on the C2y invariant lines, H(k) commutes with τ3 as well as with C2y ≡ τ1, thus also with 
their product τ2. Therefore, on those lines Uv(1) ⊗ C2y ∼ SU(2), which forces states with 
opposite parity w.r.t. C2y to be degenerate. 



There is wide consensus that magic-angle TBLG are 
insulators at all integer fillings of the flat bands. For 

that one needs first to get rid of the accidental 
degeneracy along C2y invariant lines.


Coulomb repulsion can do the job driving 
spontaneous breakdown of Uv(1).


What about atomic displacement?
Phys. Rev. X 9, 041010 (2019)



K1

K2-K1

-K2
Q1,1

Q2,1

Q3,1

ad-hoc displacement field at 𝚪:

<latexit sha1_base64="FtPP5stMDWHfSDkjmtzsNMMf6jM="></latexit>

u(r) =
X

R

3X

i,j=1

uij(R) sin
�
Qi,j ·R

�
�(r�R)

Qn,2 = C3z(Qn,1)   Qn,3 = C3z(Qn,2)    n=1,2,3 

• the set of all Qi,j’s, which are multiples of the primitive 
reciprocal lattice vectors of the mini BZ, is invariant under C3z 
and C2x, and odd under C2y and C2z

sum over all C atoms

such displacement field is invariant under D6 
<latexit sha1_base64="nhiQ9PG7wLsqLT1KmmH4HyIw6a4="></latexit>

g
�
u(r)

�
= u

�
g(r)

�
8 g 2 D6

<latexit sha1_base64="24cDaDuAiWaaPfjnKaS5ia5Riyg="></latexit>

uij(R) k Qi,jwith



<latexit sha1_base64="FtPP5stMDWHfSDkjmtzsNMMf6jM="></latexit>

u(r) =
X

R

3X

i,j=1

uij(R) sin
�
Qi,j ·R

�
�(r�R)

<latexit sha1_base64="24cDaDuAiWaaPfjnKaS5ia5Riyg="></latexit>

uij(R) k Qi,jwith

• recall that problems arise on C2y invariant directions. In real space, those are the directions 
of the domain walls separating AB from BA Bernal stacked regions. We therefore take uij(R) 
finite only in proximity of the domain walls, thus affecting around 1% of the total number of 
atoms.

u(r)



• only atoms around the 
domain walls are displaced 
from their equilibrium 
positions 

• yet the effect on the mini bands is 
remarkable: the accidental degeneracy along 
all lines invariant under C2y is fully lifted. 
Moreover, the lower flat bands have still 
non trivial topologyB1

A2

A1

B2

AB

AB

BA

BA



Given that promising result, we do a better job and calculate 
the phonon spectrum of the relaxed structure



 Γ K

1669.4

1669.5

1669.6

 ω
  

(c
m

-1
)

Phonon spectrum
ω (cm-1)

✓ we calculate the phonon spectrum comprising 
33492 modes 


✓ there are special modes that resemble global 
vibrations of the moiré supercell, as it were a 
single ultralarge molecule



 Γ K

1669.4

1669.5

1669.6
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ω (cm-1)
✓ we calculate the phonon spectrum comprising 

33492 modes 


✓ there are special modes that resemble global 
vibrations of the moiré supercell, as it were a 
single ultralarge molecule


✓ remarkably, these modes have the same 
accidental double degeneracy as the 
electronic bands

• this doubly degenerate phonon at Γ comprises 
one A1 mode even under C2y and the other B1 
mode odd. The A1 mode has more than 90% 
overlap with the ad-hoc distortion.

Phonon spectrum



 Γ K

1669.4

1669.5

1669.6
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✓ we calculate the phonon spectrum comprising 

33492 modes 


✓ there are special modes that resemble global 
vibrations of the moiré supercell, as it were a 
single ultralarge molecule


✓ remarkably, these modes have the same 
accidental double degeneracy as the 
electronic bands

Phonon spectrum



C-C distance in graphene = 1.42 Å



•both A1 and B1 modes produce the same bands

•very efficient lifting of the accidental degeneracy 

•huge electron-phonon coupling compared with the width 
of the flat bands and the graphene C-C distance of 1.42 Å


•non-trivial topology of the insulator above 0.5 mÅ

0 �  2�

-50

0

50

E
(m

eV
)

edge states

CNP

CNP

CNP

CNP



•both A1 and B1 modes produce the same bands

This is strongly suggestive of an E×e Jahn-
Teller effect: a doubly degenerate mode 


q = (q1,q2) coupled to a doubly degenerate 
band in a Uv(1) symmetric way: 

<latexit sha1_base64="8vSOGTAdrZhyWBRkVacoNV6e42g="></latexit>

HJ-T ⇠ �g q · ⌧ = �g
�
q1 ⌧1 + q2 ⌧2

�

Uv(1) generator:
<latexit sha1_base64="SVHs6a9oXx8kuYoKX4tPPWjiI4Y="></latexit>

L3 =
⌧3
2

+ q ^ p
momentum 

conjugate to q

CNP

CNP

CNP



E×e Jahn-Teller effect in short

• take, e.g., degenerate                        and             atomic-like orbitals in D4 symmetry  pypx

B1 mode q1: coupling τ3 B2 mode q2: coupling τ1 

<latexit sha1_base64="GUrq/DLOc1iYbUcL0ji6fDe838I="></latexit>

HJ-T = �g

⇣
q1 ⌧3 + q2 ⌧1

⌘
+

2X

i=1

✓
p
2
i

2M
+

K q
2
i

2

◆
= �g q · ⌧ +

✓
p2

2M
+

K q2

2

◆

<latexit sha1_base64="xnbhenwGYaN2DCfPs4Ssm8st4wk="></latexit>

L =
⌧2
2

+ q ^ pU(1) generator:



Born-Oppenheimer potential

q1

q2

V(q)

•Static Jahn-Teller effect
<latexit sha1_base64="kuwyyu8bQNHzZvBHRJEve9RHu2c="></latexit>

– if M ! 1 the phonon distortion locks
into a generic point of the potential valley

collective distortion of the lattice

<latexit sha1_base64="gwGZ3mGG7m5HZ+XbNODUvJ9ikmU="></latexit>

• if q is fixed then ⌧ = n q/q
with n = 0, 1, 2 the electron number mod(4),
and thus V (q) = K

2 q2 � g n q + u q4

• kinetic energy = 1
2M p2



Born-Oppenheimer potential

•Dynamic Jahn-Teller effect

- if M is finite the phonon displacement moves coherently 
along the potential valley


- the U(1) symmetry is instantaneously broken but, on 
average, dynamically recovered


- the motion is akin a rigid rotor in 2d with a caveat: when 
the number of electrons is odd, there is a Berry phase that 
forces the angular momentum to be half an odd integer 

<latexit sha1_base64="gwGZ3mGG7m5HZ+XbNODUvJ9ikmU="></latexit>

• if q is fixed then ⌧ = n q/q
with n = 0, 1, 2 the electron number mod(4),
and thus V (q) = K

2 q2 � g n q + u q4

• kinetic energy = 1
2M p2



easy way to describe a dynamical Jahn-Teller effect

• integrate the phonons out and neglect retardation effects
<latexit sha1_base64="xH8p7kp095LD3+lpcLfHp1ITzj4="></latexit>

�g ⌧ · q ��! � g2

!0

�
⌧3 ⌧3 + ⌧1 ⌧1

�
= � g2

!0

�
⌧ · ⌧ � ⌧2 ⌧2

�

• U(1) generator: τ2/2 = integer or half an odd integer for even or odd number of electrons

• the lowest energy configuration of two electrons is a spin-singlet τ-triplet state, with τ2 = 0

dynamical Jahn-Teller effect inverts Hund’s rules and yields 
spin-singlet pairing

<latexit sha1_base64="0N0FBkYljnJqSbC5j+W3Li93jG0="></latexit>

1p
2

⇣
p†x" p

†
x# + p†y" p

†
y#

⌘
|0i ⌘ �† |0i



• consider a lattice of such molecules, 2 electrons per site, and the Hamiltonian

<latexit sha1_base64="12n85sNN7sySV3i78AV5D1l6ZeM="></latexit>

H = H0 �
g
2

2!0

X

R

⇣
⌧R · ⌧R � ⌧2R ⌧2R

⌘
+

U

2

X

R

nR

�
nR � 1

�

• weak U: superconductor with coupling constant  g2/2ω0 - U and s-wave order parameter 

tight-binding preserving the D4 symmetry

<latexit sha1_base64="N0j6p3F1Q4SWHTAx4L2ljRvePII="></latexit>

�† =
X

k

 k

⇣
p†xk" p

†
x�k# + p†yk" p

†
y�k#

⌘
 k =  �k

X

k

�� k

��2 = 1

• large U: Jahn-Teller Mott insulator (PRB 55, 13465 (1997)) with two electrons localised on 
each site into the S = 0, τ = 1 and τ2 = 0 configuration that maximises the Jahn-Teller 
energy gain ⇒ a local version of a valence-bond (VB) insulator



Phase diagram in DMFT: 2J = g2/2ω0

conventional 

BCS

Capone et al., PRL 93, 047001 (2004)

reemergence of 

superconductivity


just before the 

Mott transition

despite 2J ≪ U
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<latexit sha1_base64="CHExPa6y4rwY9pvZvvq3ymowLRs="></latexit>

� = ⇢F
�
2J� U

�

W = bandwidth



• key point: just like conventional Hund’s rules, the inverted ones due to 
Jahn-Teller effect do not fight against charge repulsion; they just dictate 
how the two electrons are arranged inside the molecule

• the physical scenario is akin to Anderson’s RVB and thus well captured 
by a projected BCS wavefunction

number of electrons

Gutzwiller projector disfavouring U-expensive local configurations. 
At large U and half-filling it yields a Mott insulator

<latexit sha1_base64="0Hlg2vLVFj+c+maMuXiVaiW9ThU="></latexit>

| N i = PG | BCSi = PG

⇣
�†

⌘N
|0i



Can we prove such conjecture rigorously, and even away 
from the C2y invariant lines? Namely, can we actually 
derive the Uv(1) symmetric electron-phonon coupling?

Eur. Phys. J. Plus (2020) 135:630



We use Bistritzer&MacDonald continuum model (PNAS 108, 12233) in the equivalent 
representation by Song et al., PRL 123, 036401.

G1

G2

𝚪

q1

q2q3

• QA = K2 + G


• QB = K1 + G
K2

K1

M

Reciprocal space spanned by Q = QA ⊕ QB

valley +1 layer 2

valley -1 layer 1

and inverted 

sublattices

valley +1 layer 1

valley -1 layer 2

and inverted 

sublatticesk within the reduced BZ

<latexit sha1_base64="sGX28BYbWCP0xKqiNMX0iWUHNlk="></latexit>

 k,QA,� =

0

BBBB@

c2,k+K2�QA,A,�

c2,k+K2�QA,B,�

c1,k�K1�QA,B,�

c1,k�K1�QA,A,�

1

CCCCA

 k,QB ,� =

0

BBBB@

c1,k+K1�QB ,A,�

c1,k+K1�QB ,B,�

c2,k�K2�QB ,B,�

c2,k�K2�QB ,A,�

1

CCCCA



Single-layer Hamiltonian in the zero angle limit

<latexit sha1_base64="sgvDac5TRfshpUqTLrxVdAdoaUc="></latexit>

Hk =
X

kQ�

 †
k,Q,�

⇣
vF ⌧3

�
k�Q

�
· �

⌘
 k,Q,�

<latexit sha1_base64="nPtbFOCvBudmkRAS5LCExPme2f0="></latexit>�
�1,�2

�

• τn, n=0,1,2,3, act in the valley space, with τ0 the identity

• σn, n=0,1,2,3, act in the sublattice space, with σ0 the identity



Inter-layer hopping

• pz Wannier orbital in layer i=1,2, unit cell Ri, sublattice α = A,B at position ri,α :
<latexit sha1_base64="6KKCpqQ6u/tH6Wu/ROTkaGXti4I="></latexit>

�
�
r�Ri � ri,↵

�

• inter-layer hopping matrix element:
<latexit sha1_base64="28TCh0c1guy2RVaNv4mHTEhbWpY="> hDQFPuz3MZdSlvyQ9ruiN5mvNPz/0PCR9puv4WGpL33CUjxKsuNWDsfaBSvrbw4ehjMiDHIOJ6YIvFaZ7+GZIq8NlbKI4aEXqZz+vSleU0npinu9tGnAowIeGfCggAcGHBVwZMJohr4y8LCgQwMOCjgwI2eEh6bwDI1MOEvN2OYMbpr4oqAXBpwU0Kz3ZQEvDcgLyMtwn2YV3qcOLaMmzlATO9g4GSSW2TUK4CQWk6yr3Mh5XuQ8L0cneheSSB26cFwWDsdMTm/zcE+3A9ludKZm9gpOzZW50Shnal0tndO0ZaxdHXzZdjvpKuC4lyqZtfIqkkCmK1fr0I8BFvL7StkNXX9tSPVcbCZC+ac2H7OQyOzKfMWlnXX8d3q8ue7vpnHS2HS3N7eOtmp7X35Me/+i9dx6Ya1arvXW2rO+WofWsYUqzyq7lU+Vz9VqdaO6Vd2eut6q5P8XT60bo/rhDwFHwxY=</latexit>Z

dr�
�
r�R1 � r1,↵

�
V?(r)�

�
r�R2 � r2,�

�
' T?

�
R1 �R2 � r1,↵ � r2,�

�

<latexit sha1_base64="dPEytpnbgJqD47ubkLS6qJh8SNQ="></latexit>

T?(r) =
1

N

X

q

eir·q T?(q)



•few things worth noticing
gn,1 and gn,2 are the primitive reciprocal 
lattice vectors, whereas gn are generic 

reciprocal lattice vectors of layer n=1,2 
K2

K1

-K2

-K1

G2

G1

G1 and G2 are the primitive reciprocal lattice vectors of the 
mini Brillouin zone, while G a generic reciprocal lattice vector 

<latexit sha1_base64="Nqv05HfGN/szzpqkm8QASSH59S8="></latexit>

G1 = g1,2 � g2,2 and G2 = g2,1 � g1,1

g1,1

g1,2

g2,2

g2,1
<latexit sha1_base64="LjjBpwwuBPzplx4HBitx1b5TDvY="></latexit>

C3z

�
Kn

�
= Kn � gn,1 C2

3z

�
Kn

�
= K1 � gn,2

q3

q2

q1

<latexit sha1_base64="wLCNwYPX7rFPzKTtIlry6l0+yoA="></latexit>

q1 = K1 �K2

q2 = C3z

�
q1

�
= q1 +G2

q3 = C2
3z

�
q1

�
= q1 �G1

<latexit sha1_base64="RFviHCu+ndOtexS5J46ZNzHIUBY="></latexit>

Kn =
gn,1 + gn,2

3

QA

QB

<latexit sha1_base64="qh33i6nqO3D+Rx6g9upu1C3KGnU="></latexit>

QA = K2 +G

QB = K1 +G

G1

G2



• inter-layer hopping valley +1:
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Inter-layer hopping
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Non-interacting Hamiltonian
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Let us add the electron-phonon coupling 



• position of an atom in layer n=1,2, graphene unit cell R and sublattice α = A,B

atomic displacement,

neglecting inter-layer one 
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• hopping in the two-centre approximation:
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Displacement at 𝚪: A1 and B1 modes

K1

K2-K1

-K2
Q1,1

Q2,1

Q3,1

Qn,2 = C3z(Qn,1)   Qn,3 = C3z(Qn,2)    n=1,2,3 

• the set of {Qi,j} is invariant under C3z and C2x, 
and odd under C2y and C2z
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• phonon coordinates: q1 (A1 mode) and q2 (B1 mode) 



Displacement at 𝚪: A1 and B1 modes
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• phonon coordinates: q1 (A1 mode) and q2 (B1 mode) 



• matrix elements of the operator 
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Electron-phonon coupling at 𝚪

• interlayer:

• since the sublattice index is reversed for valley -1, the interlayer coupling is between 
different sublattice
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• intralayer:

• since the sublattice index is reversed for valley -1, g0 is the coupling between different 
sublattice, while g1 that between same sublattice. Therefore g0 > g1

same as before with u0 and 
u1 replaced by g0 and g1

Electron-phonon coupling at 𝚪
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• supplied by the phonon Hamiltonian:
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precisely describes an E×e Jahn-Teller coupling with conserved quantity
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• g1 = g0/10 and 𝛾 = g0/2.5 yield good agreement with realistic tight-binding results

Frozen phonon calculation



Electron-phonon coupling at generic q

• any q inside the mini Brillouin zone is much smaller than any Qij


• therefore the matrix elements δH⊥QQ’ and δH||QQ’ at leading order in the small twist 
angle are unchanged
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Electron-phonon coupling at generic q

 Γ K
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)

ω (cm-1)
• note that the phonon dispersion is 10-4 the 

center of mass frequency: the mode is 
effectively dispersionless ωq ≃ ω0


• we can legitimately regard it as a vibration 
of the moiré unit cell as if it were a huge 
single molecule


• given the high frequency ω0 as compared 
with the flat band width, it may be safe to 
integrate the phonons out, and neglect 
retardation effects 



Jahn-Teller phonon-mediated attraction 
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• coupling constants:

• HJ-T is invariant under the P622 space group and under Uv(1) with generator
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Jahn-Teller phonon-mediated 
attraction treated on an equal 

footing with the Coulomb 
interaction

arXiv:2204.05190



Coulomb repulsion

• the charge density operators are diagonal in layer n = 1,2, in sublattice and valley
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• Coulomb repulsion:
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Fourier transforms of the interaction e2/r screened by the high-frequency dielectric constant ε∞ = 9.23 of graphene, 
and by the presence of a dual metal gate assumed at distance 30nm. 



Let us start with the simple 
Hartree-Fock approximation


and at charge neutrality



Coulomb interaction alone
Bultinck et al., Phys. Rev. X 10, 031034 (2020)

• without the Jahn-Teller interaction, Coulomb repulsion stabilises at charge neutrality, ν = 0, 
an insulator, dubbed K-IVC, which breaks time-reversal, valley Uv(1), and C2x, with order 
parameter
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K1 � M K2

-30

-20

-10

0

10

20

30

E
(m
eV

)

K-IVC, � = 0

our mean-field results



Jahn-Teller phonon-mediated attraction 
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negligible

• already the Hartree term                                              favours an order parameter
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which corresponds to a static Jahn-Teller distortion just breaking Uv(1) . That may be 
also stabilised by the Coulomb exchange, which however prefers K-IVC.
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Coulomb interaction plus Jahn-Teller attraction

• the st-JT state is a local minimum at g = 0, where K-IVC is the global one. However, for g 
≳ 0.3meV, thus below its estimated value, st-JT becomes the global minimum 
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properties of the st-JT state at ν = 0

K1 � M K2
-30

-20

-10

0

10

20

30

E
(m
eV

)

g = 0.65 meV

A1

A2

B2

B1

A
B1

B3

B2

g = 0.32meV • agrees with the tight-binding results at 
frozen phonons


• P622 space group 


• symmetry properties of the Bloch waves at 
the high-symmetry points still implying 
Wannier obstruction and non-trivial 
topology
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Wilson loop of the 


 two lower flat bands

• the two lower flat bands thus carry opposite Chern numbers C = ± 2, consistently with the 
edge states found in the tight-binding calculation 



K-IVC vs. st-JT states at ν = 0 and 𝜑 = 0

vs.

• each electron carry Chern number σ3 = ±1, τ1 = ±1, and spin
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mean-field insulating states at 
other integer fillings ν



• Forcing translation symmetry, Hartree-Fock can stabilise insulators at other integer fillings 
only splitting spin or Chern number degeneracies


• Jahn-Teller coupling effectively inverts Hund’s rules: lowest spin states are always the most 
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• Therefore, at first instance, Chern number degeneracy is split


• Only as last resort spin degeneracy is split
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st-JT: even ν = ±2
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st-JT: even ν = ±2
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Hartree-Fock bands at ν = -2
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• indeed an S=0 topological insulator, in this case with C = -2, 
invariant just under P6 space group



st-JT: odd ν = ±1, ±3
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⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = +1

σ3 = -1 τ1 = -1

⬆︎

⬆︎ σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

• at odd fillings Hartree-Fock is obliged to break spin SU(2) and spin-polarise the state



st-JT: ν = -3

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = +1

σ3 = -1 τ1 = -1

⬆︎

⬆︎ σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

• ν = -3: S=1/2 and τ1=1 polarised topological insulator with C = ±1 



st-JT: ν = -1

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = +1

σ3 = -1 τ1 = -1

⬆︎

⬆︎ σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

• ν = -1: S=1/2 and τ1=3 polarised topological insulator with C = ±1 



st-JT: ν = +1

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = +1

σ3 = -1 τ1 = -1

⬆︎

⬆︎ σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

• ν = +1: S=1/2 and τ1=3 polarised topological insulator with C = ±1 



st-JT: ν = +3

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = +1

σ3 = -1 τ1 = -1

⬆︎

⬆︎ σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

• ν = +3: S=1/2 and τ1=1 polarised topological insulator with C = ±1 
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Hartree-Fock bands at ν = -1 and -3

— majority spin              — minority spin

• indeed S=1/2 spin-polarised topological insulators, here with C = -1



A weak staggered potential due to a misaligned hBN substrate 
does not modify qualitatively the mean-field insulators

• on the contrary, close to perfect alignment, ΔhBN ≃ 30meV, the mean-field 
insulators change also qualitatively



• Forcing translation symmetry, Hartree-Fock can stabilise insulators at other integer fillings 
only splitting spin or Chern/valley degeneracies


• Coulomb exchange leads to Hund’s rules: highest spin states are always the most favourable


• Therefore, at first instance, spin degeneracy is split


• Only as last resort Chern/valley degeneracy is split

K-IVC

σ3 = +1 τ1 = +1 σ3 = -1 τ1 = -1

σ3 = +1 τ1 = -1 σ3 = -1 τ1 = +1



K-IVC: even ν = ±2

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎ ν = -2

ν = +2

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎



K-IVC: even ν = ±2

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1

⬇︎

⬇︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1

⬇︎

⬇︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎

ν = -2

ν = +2

S=1 τ1=0 non-topological insulators



K-IVC at ν = -2

— majority spin              


— minority spin

• indeed, HF stabilises a spin polarised insulator at ν = ±2, at g = 0 very close in 
energy to the unpolarised st-JT



K-IVC: odd ν 

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬆︎

⬆︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1

⬆︎

⬆︎

σ3 = +1 τ1 = +1

σ3 = +1 τ1 = -1

⬇︎

⬇︎

σ3 = -1 τ1 = -1

σ3 = -1 τ1 = +1
⬇︎

⬇︎
ν = -3

ν = -1

ν = +1

ν = +3

• for all odd ν we expect a S=1/2 τ1=1 topological insulator with C = ±1, 
not much different from st-JT at odd fillings, apart from τ1 at ν = ±1



st-JT vs. K-IVC
<latexit sha1_base64="jGRNlFOeTffwaYs2ZPj0aB109Hs="></latexit>

⌫ C S time reversal

-3 ±1 1/2 NO

-2 0 1 NO

-1 ±1 1/2 NO

0 0 0 NO

+1 ±1 1/2 NO

+2 0 1 NO

+3 ±1 1/2 NO
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⌫ C S time reversal

-3 ±1 1/2 NO

-2 ±2 0 NO

-1 ±1 1/2 NO

0 0 0 YES

+1 ±1 1/2 NO

+2 ±2 0 NO

+3 ±1 1/2 NO

• ν = 0: invariant under full P622 
and time reversal


• ν = ±2: S=0 C=±2 

• ν = ±1, ±3: S=1/2 C=±1

• ν = 0: breaks C2x and time reversal

• ν = ±2: S=1 C=0 

• ν = ±1, ±3: S=1/2 C=±1



st-JT vs. K-IVC
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⌫ C S time reversal

-3 ±1 1/2 NO

-2 0 1 NO

-1 ±1 1/2 NO

0 0 0 NO

+1 ±1 1/2 NO

+2 0 1 NO

+3 ±1 1/2 NO
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⌫ C S time reversal

-3 ±1 1/2 NO

-2 ±2 0 NO

-1 ±1 1/2 NO

0 0 0 YES

+1 ±1 1/2 NO

+2 ±2 0 NO

+3 ±1 1/2 NO

• ν = 0: invariant under full P622 
and time reversal


• ν = ±2: S=0 C=±2 

• ν = ±1, ±3: S=1/2 C=±1

• ν = 0: breaks C2x and time reversal

• ν = ±2: S=1 C=0 

• ν = ±1, ±3: S=1/2 C=±1

the two scenarios could be 


experimentally discriminated



st-JT vs. K-IVC
<latexit sha1_base64="jGRNlFOeTffwaYs2ZPj0aB109Hs="></latexit>

⌫ C S time reversal

-3 ±1 1/2 NO

-2 0 1 NO

-1 ±1 1/2 NO

0 0 0 NO

+1 ±1 1/2 NO

+2 0 1 NO

+3 ±1 1/2 NO
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⌫ C S time reversal

-3 ±1 1/2 NO

-2 ±2 0 NO

-1 ±1 1/2 NO

0 0 0 YES

+1 ±1 1/2 NO

+2 ±2 0 NO

+3 ±1 1/2 NO

• ν = 0: invariant under full P622 
and time reversal


• ν = ±2: S=0 C=±2 

• ν = ±1, ±3: S=1/2 C=±1

• ν = 0: breaks C2x and time reversal

• ν = ±2: S=1 C=0 

• ν = ±1, ±3: S=1/2 C=±1



• Hartree-Fock can only describe static Jahn-Teller effect


• since the phonon dispersion is order of magnitudes smaller than the 
center of mass frequency, it is essentially a vibration of each single 
moiré unit cell


• in that case is not at all unlikely that the Jahn-Teller effect might 
occur dynamically 

Can we describe a dynamical Jahn-Teller effect?



• the interplay of static Jahn-Teller distortion and Coulomb interaction can 
stabilise mean-field insulating solutions at all integer fillings


• therefore dynamical Jahn-Teller effect and Coulomb interaction can well 
conspire to yield Jahn-Teller Mott Insulators at all integer fillings, i.e., 
states in which electron motion is halted, and each moiré supercell locks 
into the configuration that maximises Jahn-Teller plus Coulomb-
exchange energy gain



• However, the description of a Jahn-Teller Mott insulator runs into several 
obstacles 

- first, the moiré unit cell contains more that 10000 atoms, and thus it is out 
of question a rigorous approach as in a small molecule

to overcome that obstacle, we focus just on the flat bands, like 
concentrating on HOMO and LUMO in a single molecule 

✓ weak point: the gap between the flat bands and all lower and upper 
ones is not very large



- even if we concentrate just on the flat bands, Wannier obstruction prevents 
building a short-range tight-binding model for the flat bands

• However, the description of a Jahn-Teller Mott insulator runs into several 
obstacles 

to overcome that obstacle, we assume that a projected BCS wavefunction 
yields a qualitatively accurate description of Jahn-Teller Mott insulators 

at integer filling ν 
<latexit sha1_base64="ATviJvRibn/SKXYbsJdftldHbPc="></latexit>

| (⌫)i = PG(⌫) | BCSi
Gutzwiller projector onto the state in which each moiré supercell is strictly occupied by 4 + ν electrons

BCS wavefunction for

the flat bands only



<latexit sha1_base64="ATviJvRibn/SKXYbsJdftldHbPc="></latexit>

| (⌫)i = PG(⌫) | BCSi

• we do not optimise the wavefunction, which is practically unfeasible 


• and neither we try to extract its physical properties, e.g., the topological 
ones, which is equally hard


• instead, we just determine the BCS wavefunction for the flat bands that is 
favoured by the Jahn-Teller coupling, assuming it prevails over Coulomb 
exchange as Hartree-Fock suggests, and pays less Coulomb charging energy


• and assume that the properties of the projected wavefunction are simply 
inherited by the BCS one



BCS wavefunction
<latexit sha1_base64="whoFhMqkBBT4qYMhjPDDekO2IJA="></latexit>

HJ-T = � g

2N

2X

i=1

L
†
i (q)Li (q)

• project HJ-T onto the flat-band S=0, τ3=0 pair operators
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•  †
k,n,�,⌧3

creates an electron at momentum k inside the mini BZ,
in the flat band n = 1, 2, with spin � =", # in valley ⌧3 = ±1

<latexit sha1_base64="lJxpVSVUyXehNJkiCQUuvel+Zb8="></latexit>

• note that �†
k,nn and �†

k,12 +�†
k,21 are even under C2z, while �†

k,12 ��†
k,21 is odd



BCS wavefunction
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• since particle-hole symmetry P is nearly satisfied, �†
i is (almost) even under P if  11

i (k) '
 22
i (�k) and  12

i (k) ' � 12
i (�k), and odd otherwise

• �†
i is even under C2x if  nn

i

�
C2x(k)

�
=  nn

i (k) and  12
i

�
C2x(k)

�
= � 12
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otherwise

• the component of  nm
i (k) even under k ! �k corresponds to the spin-singlet, valley-triplet

with ⌧3 = 0, while that odd to the spin- and valley-singlet.



Leading pairing channel: s-wave

• transforms like the fully symmetric 
irrep of D6


• almost even under p-h


• almost odd under k → -k: 
prevailing spin- and valley-singlet 
component



Next to leading pairing channel: d-wave

• transforms like the two-dimensional  
irrep E2 of D6, d1 ∽ x2 - y2 and d2 ∽ xy


• almost even under k → -k: prevailing 
spin-singlet and valley-triplet  
component: d1 ∽ x2 - y2 + αx  and d2 ∽ 
xy - αy, with α ≪ 1

• almost odd under p-h symmetry, which hints at a non trivial topological character



Next to leading pairing channel: d-wave

<latexit sha1_base64="V8Nh5gRzBmu0iys1ircSMdWwSU4="></latexit>

• indeed, the combinations d+ = d1 + id2 ⇠ Y2+2 and d� = d1 � id2 ⇠ Y2�2 have
finite Chern number, C = +2 and C = �2, respectively, equal to the angular
momentum



BCS wavefunction

• unsurprisingly, Jahn-Teller coupling alone favours the s-wave Cooper channel


• however, Hartree-Fock predicts topological Jahn-Teller Mott insulators at any integer 
filling away from charge neutrality, thus it suggests that the d-wave channel prevails


• the only reason for that can be Coulomb repulsion

indeed, Coulomb pseudo-potential, RPA-screened by all other 
bands, pushes the d-wave channel below the s-wave one   



Projected BCS wavefunction
<latexit sha1_base64="z295y+nTSZftBD+UZ6As3BvUDGw="></latexit>
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• the ‘vacuum‘ |0i is the ground state at filling ⌫ = �4, i.e., flat bands empty

• integer ⌫± � �2 such that ⌫+ + ⌫� = ⌫ 2 [�4, 4]

• PG project onto the states where each moiré unit cell is occupied by 4 + ⌫ electrons

• Chern number C
�
⌫+, ⌫�

�
=

�
⌫+ � ⌫�

�
2 [�4, 4]

• orbital angular momentum per unit cell: M = µB

��⌫+ � ⌫�
�� 2 [0, 4]

• the mean-field insulators correspond to specific ⌫+ and ⌫� = ⌫ � ⌫+ values



Jahn-Teller Mott insulators at ν = 0

• Hartree-Fock suggests that the lowest energy state corresponds to 

thus, a non-magnetic and non-topological Jahn-Teller Mott insulator 

• however, a magnetic field may stabilise other ν+ and ν- = ν - ν+ = -ν+

thus, topological Jahn-Teller Mott insulators with Chern numbers 

C = 2ν+ ∈ [-4,4]

<latexit sha1_base64="4v70Rnm0dyZpQsqK9wcZnemUDNc="></latexit>
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• Hartree-Fock suggests that the lowest energy states corresponds to 

<latexit sha1_base64="iP+i02CH2yu/9HWWm8Rm5dM9FnY="></latexit>
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thus, topological Jahn-Teller Mott insulators with C = ± 2

Jahn-Teller Mott insulators at ν = -2 and +2

• the wavefunction also admits a non-topological insulator with ν+ = ν-
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• at odd ν the projected BCS wavefunction

describes spin and valley liquid topological insulators that may have 
C = ± 1, ± 3, while Hartree-Fock yields polarised symmetry-breaking 
ones with C = ± 1

Jahn-Teller Mott insulators at odd filling ν



Pictorial representation of the Jahn-Teller Mott insulators



Non-topological Jahn-Teller Mott insulators
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• Hartree-Fock predicts topological insulators at any ⌫ 6= 0, thus com-

plex pair operators �
†
d±

prevailing over real ones, �
†
d1

and �
†
d2

• however, we cannot exclude that in reality the real pair operators

prevail, thus



Superconductivity away from integer ν
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•either complex pairs:

or real ones:
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• if ⌫ = n+ � with integer n 2 [�3, 3] and �1 ⌧ � ⌧ 1, the Gutzwiller projector

P 0
G(⌫) admits configurations where each supercell is occupied either by n or

n+ sign(�) electrons

• therefore the projected wavefunction is not insulating, and most likely is super-

conducting



Superconductivity away from integer ν

• if complex pairs win, a chiral d-wave superconductor may appear, 
which has no nodes and is still topological


• on the contrary, if real pairs prevail, a conventional d-wave (spin-
singlet and valley-triplet with τ3 = 0) superconductor with a weak 
p-wave (spin-singlet and valley-singlet) character may appear, 
which has nodes and is slightly nematic



Conclusions

• Jahn-Teller effect can stabilise insulating states that are only metastable in presence of the 
sole Coulomb repulsion


• In mean-field, the insulator at charge neutrality is invariant under P622 space group and 
time reversal, whereas those at the other integer fillings are topological: spin unpolarised 
with C = ±2 at ν = ±2, spin polarised with C = ±1 at ν = ±1, ±3, and all of them carry 
orbital magnetism


• Those topological insulators are prone to become spin-singlet superconductors upon 
doping, possibly topological ones. For that, Jahn-Teller effect seems crucial, as Coulomb 
repulsion alone seems unable to provide pairing


