Jahn-Teller etfect and topological Jahn-Teller

Mott insulators in magic-angle twisted-bilayer
sraphene

Michele Fabrizio (SISSA)
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Outline of the lectures

 peculiar features of the band structure of magic-angle twisted bilayer

graphene with relaxed atomic positions
Phys. Rev. B 98, 235137 (2018)

e effects of special phonon displacements on the tight-binding band

structure: emergence of an e XE Jahn-Teller etftect?
Phys. Rev. X 9, 041010 (2019)

» explicit construction of the Jahn-Teller model 1in the continuum

representation of Bistritzer and MacDonald
Eur. Phys. J. Plus (2020) 135:630

* interplay between Coulomb repulsion and Jahn-Teller phonon mediated

electron-electron attraction: Hartree-Fock phase diagram and dynamical

Jahn-Teller ettect preprint, arX1v:2204.05190



Most of the work done by

Mattia Angeli, former SISSA student,
currently post doc at Harvard

Andrea Blason, current SISSA student
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Twisted bilayer graphene

take a graphene AA stacked bilayer and rotate one sheet of an angle 6

with respect to the other sheet



Twisted bilayer graphene
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Twisted bilayer graphene
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Band structure of unrelaxed twisted bilayer graphene

there are still Dirac
nodes

there are magic angles
where the velocity at
the Dirac nodes
vanishes

4000 O 1000-200- 0 200 -50 O

E[meV] no gap in the spectrum
at the magic angle

R. Bistritzer and A.H. MacDonald, PNAS 108, 12233 (2011)



First question: why experimentally the twisted
bilayer near the magic angle is insulating for

n = £4 electrons per moire unit cell, whereas band
structure calculations predict a metallic behaviour.

Answer: atomic relaxation

Lucignano et al., PRB 99, 195419 (2019)



Since Bernal stacking has lower energy, the twisted bilayer relaxes so as to maximise AB and
BA Bernal stacked regions and minimise AA ones

Phys. Rev. B 98, 235137 (2018)
O AA OBernal () domain wall

in-plane out-of-plane 0=1.08

() displacement displacement
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next step: tight-binding calculation with realistic
Slater-Koster parameters describing hopping between
p. orbitals of carbon atoms 1n the relaxed positions




|
- 1ndeed four flat
’\z _ bands around
: 7’ | charge neutrality,
_| separated by a gap
. | from all other bands
!
32
3 _
4 _
I |
I M K

2 e e . .
mini Brillouin zone




Common approach to narrow bands:

K, I' M K,

* build a tight-binding model with short range hopping for the 4 mini-bands, add
interaction, and study the model by many-body tools

need to construct Wannier orbitals



E [meV]

-100

-200

300

200

100

Symmetries

o full D¢ space group symmetry
(C3z | CZZ | CZX | CZy)

K: D3

M: D>



irreducible representations of De space group
(little group at I')

C's, functions

Al() =+ T =+ y2
A2<:_) T &
By (1) 1 r(z* — 3y°)
Bo (1) + y(3z7 — y°)
B2 | (O L

1 0 e—2i7r/3 T — Zy

622'77/3 0 ZCQ o y2 o ZQZ‘y

Eo(2) 0 o—2im/3 T — y2 +1xY




irreducible representations of D3 space group

Cay (little group at K)

CSZ CZy
Aq(1) +1 +1
Ay (1) 1 1

e22’7?/3 0 0 1
e | (T o) | (1 o)

irreducible representations of D2 space group
(little group at M)




Emergent U(1) valley symmetry

Ki of layer 1 and -K of layer 2 fold
into K of the mini1 Brillouin zone

&

K of layer 1 and -K; of layer 2 fold
into Kz of the mini Brillouin zone

In spite of that, K; (valley 13=+1) and -K; (t3=-1) are uncoupled at small
twist angle, as well as Ks (13=+1) and -Kj (13=-1).
The tight-binding Hamiltonian effectively commutes with 13 that becomes
the generator of a valley Uy(1)



E [meV]

-100

-200

300

200

100

Symmetries

* D¢ space group symmetry
(C3z ) Co; ) Cox ) CZy)

etime reversal T

 Valley U(1) symmetry



Symmetry analysis of the flat bands Bloch waves

A+ B» 'i
A T

— M: D>

» Elementary band representation cannot reproduce the symmetry properties of Bloch waves.
No Wannierization of the flat bands may yield short-range hoppings (Wannier obstruction),
which hints at non trivial topology [Zou et al., Phys. Rev. B 98, 085435 (2018)]



Symmetry analysis of the flat bands Bloch waves

Ax+ B i
@ __ I': Dg
finite winding number ) 5 ) K: Ds
T A : M: D>
=3
S
=
§ 0
=
-TC
0

» Elementary band representation cannot reproduce the symmetry properties of Bloch waves.
No Wannierization of the flat bands may yield short-range hoppings (Wannier obstruction),
which hints at non trivial topology



Symmetry analysis of the flat bands Bloch waves

C2y Invariant line

A+ B>

-

Cyx Invariant line

I': D¢
K: D3
M: D>

*accidental degeneracy along all lines invariant under Coy. WHY?



y C2y exchanges the valleys

Czy — 71 X (k — Czy(k>)

on the Cyy Invariant lines

 on the Cyy invariant lines, H(k) commutes with t3 as well as with Cay = 11, thus also with
their product t2. Theretore, on those lines Uy(1) ® Coy ~ SU(2), which forces states with

opposite parity w.r.t. Coy to be degenerate.



There 1s wide consensus that magic-angle TBLG are

insulators at all integer fillings of the flat bands. For

that one needs first to get rid of the accidental
degeneracy along C,yinvariant lines.

Coulomb repulsion can do the job driving
spontaneous breakdown of Uy(1).

What about atomic displacement?

Phys. Rev. X 9, 041010 (2019)



ad-hoc displacement field at I

Qn2= C3(Qn,1) Qn3=C34Qn2) n=1,2,3

\e « * the set of all Qi;’s, which are multiples of the primitive
reciprocal lattice vectors of the min1 BZ, 1s invariant under Cs;

and Cax, and odd under Coy and Ca;

sum over all C atoms

A

Z Z uw SIn Qm R) 5(1' — R) with uz’j(R) H ng

R 1,7=1

such displacement field 1s invariant under De

g(u(r)) =u(g(r)) VgeDg



u(r) Z Z u;;(R) sin (Qi;-R)d(r—R)  with uy;(R) || Qi
2,J=1

» recall that problems arise on Cyy invariant directions. In real space, those are the directions
of the domain walls separating AB from BA Bernal stacked regions. We therefore take u;(R)

finite only 1n proximity of the domain walls, thus affecting around 1% of the total number of
atoms.

, , .y
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s
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P "
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40 20 5 20 20
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()

3

| _

- ~ N g 20

| |

1 > * only atoms around the
i 71 15 . .

: - domain walls are displaced
i : cxeq .

2 o<1 Mo from their equilibrium

i i . .

R positions

I “a

- 7N g i

| |

1 . -

-
i 0

» yet the effect on the min1 bands 1s
remarkable: the accidental degeneracy along
all lines invariant under Cay 1s fully lifted.
Moreover, the lower flat bands have still
non trivial topology



Given that promising result, we do a better job and calculate
the phonon spectrum of the relaxed structure



Phonon spectrum

® (cm-1)
v we calculate the phonon spectrum comprising
33492 modes

v there are special modes that resemble global 1069.0 7~

vibrations of the moire supercell, as 1t were a
single ultralarge molecule

1669.5

1669.4




Phonon spectrum

o (cmY)fss

v we calculate the phonon spectrum comprising
33492 modes

v there are special modes that resemble global
vibrations of the moir¢ supercell, as 1t were a
single ultralarge molecule

v remarkably, these modes have the same
accidental double degeneracy as the
electronic bands

* this doubly degenerate phonon at I' comprises
one A1 mode even under Cyy and the other B,

mode odd. The A1 mode has more than 90%
overlap with the ad-hoc distortion.

1669.4 ¢




Phonon spectrum

® (cm-1)

v we calculate the phonon spectrum comprising
33492 modes

v there are special modes that resemble global
vibrations of the moir¢ supercell, as 1t were a
single ultralarge molecule

1669.6

v remarkably, these modes have the same
accidental double degeneracy as the
electronic bands

1750

1500

1250

-1

® (cm )

1000
750

500

250




K, 3 M K,

C-C distance in graphene = 1.42 A



E(meV)

E(meV)

E(meV)

0 mA

K, ) M K
0.19 mA

K I M K
0.57 mA

CNP

‘CNP

CNP

*both A1 and B1 modes produce the same bands
e very efficient lifting of the accidental degeneracy

*huge electron-phonon coupling compared with the width
of the flat bands and the graphene C-C distance of 1.42 A

»non-trivial topology of the insulator above 0.5 mA

edge states




K r M K

| 0.19 mA

&Z\l\f

| |

K, I M K,
0.57 mA

*both A1 and B: modes produce the same bands

~ This is strongly suggestive of an Exe Jahn-
Teller effect: a doubly degenerate mode
q = (q1,92) coupled to a doubly degenerate
band 1n a Uy(1) symmetric way:

Hyr~—-gq-T=—g (@171 +q72)

T3
v Uy(1) generator: L3 = : QAP

\ momentum

conjugate to q



Exe Jahn-Teller etfect in short

atomic-like orbitals 1n D4 symmetry

* take, ¢.g., degenerate Py “ and Py

e ————_
L4 .

‘_.

B1 mode ¢g1: coupling 13 B> mode ¢2: coupling T

2 2

2 2 2
P; K%; P K q
HJ-T:_9<C]173‘|‘Q27'1)‘|‘E (ZM | 5 )Z—QCI°T+(2M | 5

1=1

U(1) generator: L = 722 Fg AP




Born-Oppenheimer potential

o if g is fixed then T =nq/q
with n = 0,1, 2 the electron number mod(4),
and thus V(q) = 2 ¢* —gnq+ug*

e kinetic energy = ﬁ D2 e Static Jahn-Teller effect

V(g) — if M — oo the phonon distortion locks
into a generic point of the potential valley

collective distortion of the lattice



e if g is fixed then T = nq/q

Born-Oppenheimer potential

with n = 0,1, 2 the electron number mod(4),
and thus V(q) = % > —gnqg+uqg

e Kkinetic energy =

1
2M

p2

e Dynamic Jahn-Teller effect

- 1f M 1s finite the phonon displacement moves coherently
along the potential valley

- the U(1) symmetry 1s instantaneously broken but, on
average, dynamically recovered

- the motion 1s akin a rigid rotor 1n 2d with a caveat: when
the number of electrons 1s odd, there 1s a Berry phase that
forces the angular momentum to be half an odd integer



casy way to describe a dynamical Jahn-Teller effect

* integrate the phonons out and neglect retardation effects

2 2

—qgT-(q 7 ZO (7’37’3—|—’/1’/1) — ZO (T'T—’/Q’lg)

* U(1) generator: 12/2 = integer or half an odd integer for even or odd number of electrons

* the lowest energy configuration of two electrons 1s a spin-singlet t-triplet state, with 12=0

1
(p:]:ﬁ pl¢ ‘HULT py¢> 0) = AT 0)

V2

dynamical Jahn-Teller effect inverts Hund’s rules and yields
spin-singlet pairing



» consider a lattice of such molecules, 2 electrons per site, and the Hamiltonian

2
U
H = Hy 29 Z (TR'TR_TQRTQR) - ZHR(TLR—l)
R

W
\, R
tight-binding preserving the D4 symmetry

» weak U: superconductor with coupling constant ¢2/2wo- U and s-wave order parameter
_ T T T T _ 2 _
AT — Z wk (pka paz—k¢ +pyk¢ py_k¢> wk — w—k Z ‘wk‘ =1
k k

* large U: Jahn-Teller Mott insulator (PRB 55, 13465 (1997)) with two electrons localised on
cach site into the S = 0, T = 1 and 12 = 0 configuration that maximises the Jahn-Teller
energy gain = a local version of a valence-bond (VB) insulator



Phase diagram in DMFT: 2J

\ —

F(27=U)

= 02/200

Capone et al., PRL 93, 047001 (2004)

1.1

0.06
W = bandwidth

-o—J=0.15 W
24— J=0.10 W
0—J=0.05 W
—A—J=0.02 W
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 key point: just like conventional Hund’s rules, the inverted ones due to
Jahn-Teller effect do not fight against charge repulsion; they just dictate
how the two electrons are arranged 1nside the molecule

* the physical scenario 1s akin to Anderson’s RVB and thus well captured
by a projected BCS wavefunction

number of electrons

/

) = Pi; BCS) = Pq (AT)N 0)

Gutzwiller projector disfavouring U-expensive local configurations.
At large U and half-filling 1t yields a Mott insulator




Can we prove such conjecture rigorously, and even away
from the C,yinvariant lines? Namely, can we actually
derive the Uy(1) symmetric electron-phonon coupling?

Eur. Phys. J. Plus (2020) 135:630



We use Bistritzer&MacDonald continuum model (PNAS 108, 12233) in the equivalent
representation by Song et al., PRL 123, 036401.

valley +1 layer 2

Reciprocal space spanned by Q = QAo @ Qs

COk+Ko—Qa,A,0
C2 k+K>—Qa,B,0

valley -1 layer 1

\Ijk,QAJ — and inverted
C1.k—K;—Qua,B,0 sublattices
Cl,k—Kl—QA,A,O'

valley +1 layer 1
Cl1k+K;—Qp,A,o
Cl,k——Kl—QB,B,a
\IjkaQBaa —

CQ,k—KQ—QB ,B,O’
CQ,k—KQ—QB ,A,O’

valley -1 layer 2
and 1nverted

k within the reduced BZ sublattices



Single-layer Hamiltonian in the zero angle limait

Hy=S v, (vp (k- Q) - a') Uy o0
kQo
(0-17 UQ)

» T, n=0,1,2,3, act in the valley space, with 1o the identity

* on, 1=0,1,2,3, act 1n the sublattice space, with oo the 1dentity



Inter-layer hopping

* p; Wannier orbital in layer i=1,2, unit cell R;, sublattice o = A,B at position r;q:

¢(I’ o Rz T ri,a)
* inter-layer hopping matrix element:

/dr ¢(r — R — T1,a) Vi (r) ¢(I‘ — Ry — 1'2,5) ~ ] (Rl —Ro —1r1 4 — I'Z,B)



few things worth noticing

o,.1and g, are the primitive reciprocal
lattice vectors, whereas g, are generic
reciprocal lattice vectors of layer n=1,2

_ gn,l + gn,Q
3

Ky

A C3. (Kn) =K, — 8n,1 ng (Kn) =K, — 8n,2
1,1

G1 and G; are the primitive reciprocal lattice vectors of the
min1 Brillouin zone, while G a generic reciprocal lattice vector

Gi=g12—82 and Ga2=go1—811

q: = K1 — Ko O =Ky + G

qQZCZ;z(Q1):q1‘|‘G2 QB :Kl—I—G
a3 = C5. (a1) = a1 — Gy



* inter-layer hopping valley +1: (notice that valley -1= complex conjugate + A<—B)

Hil — Z (C;,k,a,a Tfip Clpgo T H.c.) with k ~ Ko + 120° rotations and p ~ K + 120° rotations
kpo

o0 1 —k- r AoX r
TJ_ip _ N Z o k-(Ra+rs o) o!P (Ri+r1 58) TJ_ (R2 - ro o — R1 — I'Lg)

RiRo

= 37 T (K + 82) Oictgaprg €5 e IETLS
g182

p=k +K;-Qp
Ki~p=k~K; k=k +K,— Qu Qs -Qa=K; -Ke=a

ng( )Np gll—k gglNC;gz ﬁ QB—QA—qQ

CgQZ( )Np glg—k gQQNcgz( QB_QA—qS



Inter-layer hopping

_ I r
HJ_ — Z Z \Ijk,Q,a TQ»Q’ \Ijk,Q’,J
ko QQY

3
Iq.q' =0 Z (5Q_Q/7Qi T 5Q/_Q7Qi) 1; (uO? ul)
i=1
T1 (u(), Ul) = U Op T U1 01

~ : 27T

Tj41 (uo,ur) = €57 Tj (ug, uy) e

u1 > uo takes into account atomic relaxation




Non-interacting Hamiltonian

o = Z Z \IJL,Q,J ﬁg,Q’ Yiq o
ko QQ’

3
ﬁ%,Q, = 0Q,Q' VF T30 - (k — Q) 70 Z (5Q—Q’,qi 5Q/_Q7Qi> 1; (uOvul)
j=1

200 10

100

uo = 0.071 eV
u; =0.1031 eV

E (meV)

E (meV)

-100

-200




Let us add the electron-phonon coupling




* position of an atom 1n layer n=1,2, graphene unit cell R and sublattice o = A,B

Xqo(Rn) =Ry, + 10 >R, + 150+ u(xa(Rn))
Zov (Rn) ~ 7. \> atomic displacement,

neglecting inter-layer one

* hopping 1n the two-centre approximation:

T(Xa(Rn) — X0 (R} ), 2 — zn/> ~ T(Rn +rna— R —Tprar, 2 — zn/>

| VT(Rn -+ Ty o — R’,n/ —In/ o/ Zn — ZTL’) ° (’U,(Xa(Rn) — U(Xa/ (Rn/>)>

W om(q) = /dr e "V NVT(r, 2y, — Zm) = —1qQT(Q, Zy, — Zym)



Displacement at I': A; and B; modes

3

w(xa(Ro)) = 3 (un@zj) i@ X (Ra) c.c.)

2,=1

» phonon coordinates: g1 (A1 mode) and g2 (B1 mode)




Displacement at I': A; and B; modes

3

u(xa(Rn)) = ) (un(Qij)GiQij'Xa(R“> + c.c.)

2,7=1

» phonon coordinates: qi (A1 mode) and g2 (B1 mode)

C3- (Un(ng)) — Unp (C?m(Qij))

Cox (Un(ng)) — Up/ (CZx(Qij)) n' #n
un(Qij)" = —un(Qij) A1 mode
U, (Qi)" = un(Qij) B: mode



» matrix elements of the operator c

nk ,MPp N2 Z Z an

quj R R

.‘.

nkoao

B um(Qij)e—z‘(k+q)-(Rn+rn,a) oi (Pra+Qi; ) (Rm+rms) 4 (0

C

un(Qij) e

6_Qak_Qij +Gn,

1G,, Ty o—1G, T,

mppSo

—i(k q Qz‘j) ' (Rn

0—q,p+Gm, un(Qw) C

rn,a) ol(P

q)- (Rm

*m.5)

iGn'I‘n,a_iGm'rm,/B




Electron-phonon coupling at I’

* interlayer:

0H | _Z q; Z Z \IJT,Q, TZHJ_QQ/ Yy o

1=1 ko QQ’
H\ qq =7 00 6qQ.q

* since the sublattice index 1s reversed for valley -1, the interlayer coupling 1s between
different sublattice



Electron-phonon coupling at I’

e intralayer:

5HH — Z d; Z Z \PT7Q7 TZH” QQ’ \If k.Q' .o

1=1 ko QQ’ same as before with u¢ and

3 / u1 replaced by go and gi
Hiqa =Y. (%a-q.a +a—qa) Tj(90,01)

j=1

» since the sublattice index 1s reversed for valley -1, go1s the coupling between different
sublattice, while g1 that between same sublattice. Therefore go> g1



Electron-phonon coupling at I’

2
0H = Z qi Z Z ‘I’L,Q,a Ti (ﬁll QQ’ T H, QQ’) YiqQ o
1=1 ko QQ’

* supplied by the phonon Hamiltonian:

2

@ 2 2
Hpp = 5 Z (pi ‘|‘C.lz')

1=1

precisely describes an E xe Jahn-Teller coupling with conserved quantity

1
_ T
L3 B 5 ]%: \Ijk7Q70' 1300 \IjkaQag q 4 p



Frozen phonon calculation

go=0¢eV go=0.0008 ¢V g0=0.002 eV

10 | —
L 10~/ | E‘ 1>
5 A ] . QlA [ 10

20 =0.0055 ¢V

[
-)
| ! |
S h <
_l I | I | I | I I | I
| ! | ! ! | ! ! | ! |

e g1 =go/10 and y = g0/2.5 yield good agreement with realistic tight-binding results



Electron-phonon coupling at generic g

 any ( 1nside the mini Brillouin zone 1s much smaller than any Q;;

o therefore the matrix elements oH @’ and 0Hjgq’ at leading order in the small twist
angle are unchanged

1 = : A
Hel.ph = Vv N Z Z QJ;L((I) Z Z \PL,Q,J T (HH QQ + H1 QQ’) Yita,Q 0
q 1=1

ko QQ’

2
Wq

Hop =) (pi(q)fpy;(q) + ¢i(q)’ qz-(q))

1=1

1
b= > Yiqo 300 Vg, + ) a'(a) Ap(a)
kQo q



Electron-phonon coupling at generic g

® (cml) = 7e-
* note that the phonon dispersion 1s 10-4the

center of mass frequency: the mode 1s

1669.6 %33 &+
ettectively dispersionless mq = ®o 3E s

* we can legitimately regard 1t as a vibration
of the moire unit cell as 1f 1t were a huge

| 1669.5857 2
single molecule

* g1ven the high frequency wo as compared
with the flat band width, 1t may be safe to
integrate the phonons out, and neglect
retardation effects

1669.4 s 4




Jahn-Teller phonon-mediated attraction

1=1

ko QQY
2
1 2
o coupling constants: g = 90 S 1.0meV J1 = (1 = 1—0 i = v = g
Wo go go

» Hy11s invariant under the P622 space group and under Uy(1) with generator

Z U qo T390 Y qo
kQa



Jahn-Teller phonon-mediated

attraction treated on an equal

footing with the Coulomb
Interaction

arXiv:2204.05190



Coulomb repulsion

* the charge density operators are diagonal 1n layer n = 1,2, in sublattice and valley

.‘.
q T G Z \Ij k.Q,o ,On )O-O \Ijk—|—q,Q—G,U )
kQo

X 0 — (—=1)" T 70+ (—1)" 73
Pn(Q) — 5Q7QA - (2 ) - | 5Q>QB - 9

* Coulomb repulsion:

Z > Unm(a+G)pl(a+G)p,(qa+G)

q,G nm/

Fourier transforms of the interaction e2/r screened by the high-frequency dielectric constant €= 9.23 of graphene,
and by the presence of a dual metal gate assumed at distance 30nm.



Let us start with the simple
Hartree-Fock approximation
and at charge neutrality



Coulomb interaction alone
Bultinck et al., Phys. Rev. X 10, 031034 (2020)

» without the Jahn-Teller interaction, Coulomb repulsion stabilises at charge neutrality, v =0,
an 1nsulator, dubbed K-IVC, which breaks time-reversal, valley Uy(1), and Cax, with order
parameter

AK—IVC(SO) ~ 03 (COSQOTl —+ SiIlgOTQ)

K-IVC,v =0

30 S
S =N -
£ 10} g
> >
3 E
- = _ 10l
T 10

K, r M K

from Bultinck e al., Phys. Rev. X 10, 031034 (2020) our mean-field results



Jahn-Teller phonon-mediated attraction

>
» already the Hartree term ]L(if Z ( LZ-L (a)) L,(a) favours an order parameter
i=1

Agi-37(0) ~ 00 (COS O T1 Singng)

which corresponds to a static Jahn-Teller distortion just breaking Uy(1) . That may be
also stabilised by the Coulomb exchange, which however prefers K-1VC.



Coulomb 1nteraction plus Jahn-Teller attraction

0.0 0.1 0.2 0.3 0.4 0.5
g (meV)

* the st-JT state 1s a local mimmimum at g = 0, where K-IVC 1s the global one. However, for g
= 0.3meV, thus below 1ts estimated value, st-JT becomes the global minimum



properties of the st-JT state at v =10

8~ 0.3 ZmeV » agrees with the tight-binding results at
30 frozen phonons

20 ‘ * P622 space group
Y

« symmetry properties of the Bloch waves at

~ 10
% the high-symmetry points still implying
S 0 Wannier obstruction and non-trivial
; 10 topology T
~70) |
\QOQ Qﬁ)“;‘i&% ’
~k R
I &QJO —TTL . .
0 b] 2

* the two lower flat bands thus carry opposite Chern numbers C = £ 2, consistently with the
edge states found 1n the tight-binding calculation



K-IVC vs. st-JT statesat v=0and ¢ =0

AK—IVC(O) ~ 0371 VS. ASt—JT(O) ~ 0071

* cach electron carry Chern number 63 = %1, 11 = %1, and spin

o3=+11tT1=-1 o3=-111=+1 o3=+111=-1 o3=-111=-1

o3=+1ltT1=+1 o3=-1711=-1 o3=+1tT1=+1 o3=-1711=+1

 however, K-IVC breaks time-reversal and Cax while st-JT 1s invariant



mean-field insulating states at
other integer fillings v




st-J 1

o3=+111=-1 o3=-111=-1

D S

o3=+11tT1=+1 o3=-111=+1

» Forcing translation symmetry, Hartree-Fock can stabilise insulators at other integer fillings
only splitting spin or Chern number degeneracies

 Jahn-Teller coupling effectively inverts Hund’s rules: lowest spin states are always the most
favourable

» Therefore, at first instance, Chern number degeneracy 1s split

* Only as last resort spin degeneracy 1s split



even v = +2

1]

o3=-111=-1

Ll

o3=-111=+1

63=-1T1=-

+___ O

o3=-111=+1

4

o3=-111=-1

4

o3=-111=+1

4

o3=-111=-1

1 ©®

o3=-111=+1



st-JT: even v ==+2

o3=-111=-1 o3 =-111=-1
' o3=+1T1t1=-1 ‘63 =+1 11 =-1 W'Xth Chem 2
» ca{ .lﬂsu\atgﬁ
T 0\0%1 C — X
| ( P p— o3=-111=-1
" o3=+111=-1

+t__® @ 3 O v=+2
o3=-1T11=+1 o3=-111=+1

+ _© @ 31_ O

o3=+11t1=+1 o3=+11t1=+1



Hartree-Fock bands at v = -2
y=-2, g=0.32meV

K, r M K>

 indeed an S=0 topological insulator, 1n this case with C = -2,
invariant just under P6 space group



st-JT: odd v==+1, £3
» at odd fillings Hartree-Fock 1s obliged to break spin SU(2) and spin-polarise the state

4

1—63_ e o3=-111=-1
3 — _ — _

| 63=+111=-1
o3=+1 11 =-1

t— — - —
: o1 1711=+1 o3=-11t1=+1

t — o3=+11t1=+1
o3=+1 11 =+1



st-JT: v=>-3

v =-3: S=1/2 and t1=1 polarised topological insulator with C = %1

4

1— —_— - — -
. o= 11i=-1 c3=-111=-1

| o3=+111=-1
o3=+111=-1

1— —_— - —_—
. o= 11+ 63=-11t1=+1

o3 =+1 11 =+1

o3 =+1 11 =+1



st-JT: v=-1

*v=-1:5=1/2 and 1:=3 polarised topological insulator with C = =1

4

1— —_— - — -
. o 11i=-1 c3=-111=-1

' N

— = 4
o= 11—+ o3=-111 1




st-JT: v=+1

v =+1: S=1/2 and 11=3 polarised topological insulator with C = +1

4

r— — ] =
o 11i=-1 o3=-111=-1




st-JT: v=+3

*v =+3: S=1/2 and 11=1 polarised topological insulator with C = +1

1 O v

o3=-111=-1

o3=-111=-1

S L

o3=-111=+1




Hartree-Fock bands at v=-1 and -3

v=-1, g=0.32meV v=-3, g=032meV

— majority spin — mInority spin

* iIndeed S=1/2 spin-polarised topological insulators, here with C = -1



A weak staggered potential due to a misaligned hBN substrate
does not modify qualitatively the mean-field insulators

Yy = O, g = 0.32 IIIGV, AhBN = 5 meV VY = —2, g = 0.32 meV, AhBN =5 meV
BOL “ l‘ ____________ 20 ¥

SRR N e BT [ O i T P e
7 11| BRRETS s e L R SRS LR FTECEEE

10b 21— o} I
Of OH E—IO- o-\
10t 0T o = —ZO/\"”E& b 2r
—2o-<j[%— — -30} -
301 /\ . 40}

K I M K> K I M K>

E (meV)

e on the contrary, close to perfect alignment, Angn = 30meV, the mean-field
insulators change also qualitatively



K-IVC

o3=+11t1=-1 o3=-111=+1

D S

o3=+1ltT1=+1 o3=-1711=-1

» Forcing translation symmetry, Hartree-Fock can stabilise insulators at other integer fillings
only splitting spin or Chern/valley degeneracies

* Coulomb exchange leads to Hund’s rules: highest spin states are always the most favourable
* Therefore, at first instance, spin degeneracy 1s split

* Only as last resort Chern/valley degeneracy 1s split



L)

o3=+1 11 =-1

K-IVC: even v =12

1]

o3=-111=+1

+___ ©®

o3=-111=-1

+___ ©®

o3=-111=+1

o3=-111=-1

4

o3=+1 11 =-1

o3=+1 11 =+1

\ 4

4

o3=-111=+1

o3=-111=-1

o3=-111=+1

vV==-2



K-IVC: even v =12

L — |
A A c3=-111=+1 o3=-1711=+1
c3=+1 11 =-1 c3=+1 11 =-1
: - tOYS V=-
1 @ 4 e me \'mS“\a
o3=+11t1=+1 o3=+17— 0\0%103
=) T e
" - . c3=-111=+1 o3=-1711=+1
c3=+11t1=-1 63=+11t1=-1

1. ., e  v=+t2
oz3=-111=-1 o;=-111=-1

1_0_ 1_0_

1 t1= 63=+1 11 =




K-IVC atv=-2

— majority spin

— minority spin

E (meV)

K, r M K>

* indeed, HF stabilises a spin polarised insulator at v = =2, at g = 0 very close 1n
energy to the unpolarised st-JT



K-IVC: odd v

4

‘—— —J = 4
v=+1 2 o3=t+111=-1 03 ==L 71 !
+
Li o3=-111=+1
o3=+111=-1 v=-1 i !
#
4 o3=-111=-1

o3 =11 1t1=+1

R v=-3 " ®

63 =+1 11 =+1 es—-ih

» for all odd v we expect a S=1/2 11=1 topological insulator with C = -
not much different from st-JT at odd fillings, apart from 1; at v =+1




st-JT vs. K-I1VC

% C S | time reversal V C S | time reversal
-3 | £ 1/2 NO 3| £1 | 1/2 NO
-2 | £2 0 NO -2 0 1 NO
-1 | £+ 1/2 NO -1 | £1 | 1/2 NO
0 0 0 YES 0 0 0 NO
+1 | +£1 | 1/2 NO +1 | +£1 | 1/2 NO
+2 | £2 0 NO +2 1 0 1 NO
+3 | 1 1/2 NO +3 | =1 1/2 NO

e v = (): invariant under full P622
and time reversal

o v=42:S=0 C=2x2
o v==1,+3: S=1/2 C=+1

e v =(: breaks (5, and time reversal
ev==2: S=] C=0
®\ = ::1, ::3: S:1/2 szzl




st-JT vs. K-I1VC

V C S | time reversal
-3 T 1/2 NO
—2 ::2 O VO
-1 | + 1/2 N
0 0 0
1| £1 | 1/ -
+2 | =2 \
+3 y
.
.
. RN
*V =r: =1/2 C==1

)
1 [\ \ \ al
)
\ :
\ NO
NO
1/2 NO
0 1 NO
+3 | £1 1/2 NO

e v =0: breaks (> and time reversal

OV:

OV:

:1, —

-2 S=1 C=0

-3 S=1/2 C=

- |




st-JT vs. K-I1VC

% C S | time reversal V C S | time reversal
-3 | £ 1/2 NO 3| £1 | 1/2 NO
-2 | £2 0 NO -2 0 1 NO
-1 | £+ 1/2 NO -1 | £1 | 1/2 NO
0 0 0 YES 0 0 0 NO
+1 | +£1 | 1/2 NO +1 | +£1 | 1/2 NO
+2 | £2 0 NO +2 1 0 1 NO
+3 | 1 1/2 NO +3 | =1 1/2 NO

e v = (): invariant under full P622
and time reversal

o v=42:S=0 C=2x2
o v==1,+3: S=1/2 C=+1

e v =(: breaks (5, and time reversal
ev==2: S=] C=0
®\ = ::1, ::3: S:1/2 szzl




 Hartree-Fock can only describe static Jahn-Teller etfect

e since the phonon dispersion is order of magnitudes smaller than the
center of mass frequency, it is essentially a vibration of each single
moire unit cell

*in that case is not at all unlikely that the Jahn-Teller eftect might
occur dynamically

Can we describe a dynamical Jahn-Teller effect?



* the interplay of static Jahn-Teller distortion and Coulomb interaction can
stabilise mean-field insulating solutions at all integer fillings

* theretfore dynamical Jahn-Teller effect and Coulomb interaction can well
conspire to yield Jahn-Teller Mott Insulators at all integer fillings, 1.¢.,
states 1n which electron motion 1s halted, and each moir¢ supercell locks
into the configuration that maximises Jahn-Teller plus Coulomb-
exchange energy gain



* However, the description of a Jahn-Teller Mott insulator runs into several
obstacles

- first, the moire unit cell contains more that 10000 atoms, and thus 1t 1s out
of question a rigorous approach as in a small molecule

to overcome that obstacle, we focus just on the flat bands, like
concentrating on HOMO and LUMO 1n a single molecule

v weak point: the gap between the flat bands and all lower and upper
ones 1s not very large



* However, the description of a Jahn-Teller Mott insulator runs into several

obstacles

- even 1f we concentrate just on the flat bands, Wannier obstruction prevents

building a short-range tight-binding model for the flat bands

to overcome that obstacle, we assume that a projected BCS wavefunction
yields a qualitatively accurate description of Jahn-Teller Mott insulators

at integer filling v

BCS wavefunction for

‘¢(V)> — PG(V) ‘ BCS> the flat bands only

/

Gutzwiller projector onto the state 1n which each moir¢ supercell 1s strictly occupied by 4

v electrons



[Y(v)) = Pa(v) | BCS)

* we do not optimise the wavefunction, which 1s practically unfeasible

» and neither we try to extract its physical properties, e.g., the topological
ones, which 1s equally hard

* iInstead, we just determine the BCS wavetunction for the flat bands that 1s
favoured by the Jahn-Teller coupling, assuming 1t prevails over Coulomb
exchange as Hartree-Fock suggests, and pays less Coulomb charging energy

* and assume that the properties of the projected wavetfunction are simply
inherited by the BCS one



BCS wavetunction

2
9 i
HjT = O N ; L, (Q) L, (Q)

e project Hj.r onto the flat-band S=0, 13=0 pair operators

1
T _ T T T I
Ak nm \/§ (qjk n,T,+1 \Ij—k,m,¢,—1 \Ij—k,m,T,—l \Ijk n,d, —|—1>

° \IJI{ . creates an electron at momentum k inside the mini BZ,

in the ﬂat band n = 1,2, with spin ¢ =7, ] in valley 73 = 41

e note that Al

k.nn

and ALH + AL,21 are even under C5y,, while ALH — AL,Zl is odd



BCS wavetunction

HJ_T s QZ)\ZAZAZ

2 2
ewhere Al =" N7 k)AL, with Y Y (k)] =1

k n,m=1 k n,m=1

o if (k) # 0 then ¢!2(k) = 12! (k) and A! is even under Cs.

e since particle-hole symmetry P is nearly satisfied, A;.r is (almost) even under P if ¢;'(k) ~

%22(—1{) and %12(1{) ~ —zD}Q(—k), and odd otherwise

. A,}L is even under Co, if ¥ (Cay(k)) = ¥P™(k) and 9;?(Ca(k)) = —¢;?(k), and odd

otherwise

e the component of ¥ (k) even under k — —k corresponds to the spin-singlet, valley-triplet
with 73 = 0, while that odd to the spin- and valley-singlet.



Leading pairing channel: s-wave

- A— —

| SN
oW

o transforms like the fully symmetric
irrep of De

L J .
Tz
——U.
Y=

» almost even under p-h

* almost odd under k — -Kk:
prevailing spin- and valley-singlet
component

2 '0.3

0.2

l 0.1
0




Next to leading pairing channel: d-wave

2| §20
10

'30 e transforms like the two-dimensional
w0 irrep E2 of D¢, di = x2-y2 and d> - xy

» almost even under k — -Kk: prevailing
spin-singlet and valley-triplet
component: di - x2-y2+ oax and dz -
xy - ay, with o < 1

» almost odd under p-h symmetry, which hints at a non trivial topological character



Next to leading pairing channel: d-wave

e indeed, the combinations dy = di +1ids ~ Yo,9 and d_ = dy — 1ds ~ Yo_o have
finite Chern number, C' = +2 and C' = —2, respectively, equal to the angular
momentum

o

l
o




BCS wavetunction

» unsurprisingly, Jahn-Teller coupling alone favours the s-wave Cooper channel

* however, Hartree-Fock predicts topological Jahn-Teller Mott insulators at any integer
filling away from charge neutrality, thus it suggests that the d-wave channel prevails

* the only reason for that can be Coulomb repulsion

indeed, Coulomb pseudo-potential, RPA-screened by all other
bands, pushes the d-wave channel below the s-wave one



Projected BCS wavefunction

) o Pa) (ah,) 5 (Al ) o

the ‘vacuum‘ |0) is the ground state at filling v = —4, i.e., flat bands empty

integer vy > —2 such that vy +v_ =v € [—4,4]

Pq project onto the states where each moiré unit cell is occupied by 4 + v electrons
Chern number C(V_|_, V_) = (V_|_ — V_) c |—4,4]
orbital angular momentum per unit cell: M = upg ‘V_|_ — V_| c 10, 4]

the mean-field insulators correspond to specific vy and v_— = v — v, values



Jahn-Teller Mott insulators at v=0

» Hartree-Fock suggests that the lowest energy state corresponds to

N N N N
W) o Po(0) (AL, ) (A1) 10) = Pa(0) (a]) (al,) 10)
thus, a non-magnetic and non-topological Jahn-Teller Mott insulator

* however, a magnetic field may stabilise other v+ and v.=v - v+ = -v4

5 (24v4) " 5 (2—vy)
(A%)

q_ 0)

W) o Po(0) (A )

thus, topological Jahn-Teller Mott insulators with Chern numbers
C=2v:&[-44]



Jahn-Teller Mott insulators at v=-2 and +2

* Hartree-Fock suggests that the lowest energy states corresponds to

U_3) o< Pa(—2) (AL)N 0)

W) o Po(-2) (A1) (AL) 10

thus, topological Jahn-Teller Mott insulators with C =+ 2

* the wavetunction also admits a non-topological insulator with v+ = v.



Jahn-Teller Mott insulators at odd filling v

e at odd v the projected BCS wavetunction

5 (24+v4)
0,) o Pa(v) (AL ) (Al

describes spin and valley liquid topological insulators that may have
C == 1, £ 3, while Hartree-Fock yields polarised symmetry-breaking
ones with C ==+ 1




Pictorial representation of the Jahn-Teller Mott insulators




Non-topological Jahn-Teller Mott insulators

e Hartree-Fock predicts topological insulators at any v # 0, thus com-

plex pair operators Az;__ prevailing over real ones, Azl and AZ}Q

e however, we cannot exclude that in reality the real pair operators

prevail, thus

) o Pa) (a4 )5 (al) T 10



Superconductivity away from integer v

o if v =n + 0 with integer n € [—3,3] and —1 < § < 1, the Gutzwiller projector
Pf(v) admits configurations where each supercell is occupied either by n or

n + sign(d) electrons

e therefore the projected wavefunction is not insulating, and most likely is super-

conducting



Superconductivity away from integer v

* 1f complex pairs win, a chiral d-wave superconductor may appear,
which has no nodes and 1s still topological

* on the contrary, 1f real pairs prevail, a conventional d-wave (spin-
singlet and valley-triplet with 13 = 0) superconductor with a weak
p-wave (spin-singlet and valley-singlet) character may appear,
which has nodes and 1s slightly nematic



Conclusions

 Jahn-Teller effect can stabilise insulating states that are only metastable 1n presence of the
sole Coulomb repulsion

* In mean-field, the insulator at charge neutrality 1s invariant under P622 space group and
time reversal, whereas those at the other integer fillings are topological: spin unpolarised

with C =-

- atv ==

-2, spin polarised with C = -

orbital magnetism

-] atv=-=-

_1’

3, and all of them carry

» Those topological msulators are prone to become spin-singlet superconductors upon
doping, possibly topological ones. For that, Jahn-Teller effect seems crucial, as Coulomb
repulsion alone seems unable to provide pairing



