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lecture lll: topics in quantum synchronization

* measures of quantum synchronization

* examples of theoretical proposals
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® quantum chimera states
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measures of synchronization

e.g., Hush et al,PRA 91,061401 (2015); T.Weiss et al., NJP 18,013043 (20I6)
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phase distribution and typical quantum trajectories for two
coupled (optomechanical) limit-cycle oscillators
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measures of synchronization
e.g, Hush et al, PRA 91,061401 (2015);T.Weiss et al., NJP 18,013043 (2016)
proposed measure: S = 27 max|P(¢)| — 1
peak height of P(¢) above a flat distribution

what if there are broad peaks / several peaks?!

(b]bs)
\/ (b1b1) (bhbo)

or use correlators like C = ~ <€_7;5¢>
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A.Mari etal,,PRL |11, 103605 (2013)

synchronization and quantum uncertainty:

consider two oscillators
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measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)

synchronization and quantum uncertainty:

consider two oscillators

g (t) = (q1 — q2)/ V2 p—(t) :== (p1 — p2)/V2

complete classical synchronization means ¢q—(t),p—(t) = 0

idea: quantum synchronization measure

Se(t) == (q—(t)* +p_(t)*) ™"
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A.Mari etal,,PRL |11, 103605 (2013)

1
Heisenberg uncertainty relation  {(g_(¢)*)(p_(t)*) > 1



measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)
1
Heisenberg uncertainty relation  {(g_(¢)*)(p_(t)*) > 1

hence (geometric < arithmetic mean)




measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)
1
Heisenberg uncertainty relation  {(g_(¢)*)(p_(t)*) > 1

hence (geometric < arithmetic mean)

universal limit to the complete synchronization of two
continuous-variable systems



measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)
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measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)

measure of phase synchronization:
(bj (1)) = rj(t)e'®s
b3 (1) = (b (1)) =: b (£)e"

b’(t) = [q;(t) +ip; (t)]/v2 fluctuations of amplitude
and phase

Sp(t) = (02 measures phase synchronization



measures of synchronization

A.Mari etal,,PRL |11, 103605 (2013)

two optomechanical cells; reactive coupling ~

tp T i
H = E a i tw;bib, —gaza;(b; +b;)
71=1,2
+iE(a; —al)] — u(b bl + bib,)
] ] H V102 1Y2
@ (b)
e T D
025 N 0.25 o ® ® o o
O 20- """""" l'lwl'l'|||||x\‘| ‘|!|”|||”.||H|'|”\'\ b |I Q O 20 ® E m
V) 015 | | Q“ 0.15 . g B H n
010' """"" |I‘W\ uli ‘uul"'“"l"""l"' it " O 10 ® |
0.05} \ 5 0.05) *
0.00bemd ™ : 000 . . .
0100 200 300 400 500 600 0.00 001 002 003 004

t/T u



measures of synchronization

V.Ameri et al., PRA 91,012301 (2015)

mutual information as an order parameter for quantum
synchronization between two subsystems p1, 02

I'=5(p1) +S(p2) — S(p)
—Tr[p1 In p1] — Tr[pe In po] + Tr[pIn p)

can be applied to both continuous-variable and
finite-dimensional systems



measures of synchronization

(d)

V.Ameri et al., PRA 91,012301 (2015)
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V.Ameri et al., PRA 91,012301 (2015)
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for two vdP oscillators
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measures of synchronization

(d)

0.1809 5 0.09352

V.Ameri et al., PRA 91,012301 (2015)
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V.Ameri et al., PRA 91,012301 (2015)
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measures of synchronization

V.Ameri et al., PRA 91,012301 (2015)

I (left), S, (right)

for two vdP oscillators

detuning A,
coupling g(bT by + b 501)

(@)]

Y2/71 = 0.1 (top),
|0 (middle), 100 (bottom)

qualitative agreement!
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measures of synchronization

T.E. Lee, C.-K. Chan, and S.Wang, PRE 89, 022913 (2014)

relation to entanglement for two dissipatively coupled
vdP oscillators:
left classical, right extreme quantum limit 71 < 72
@
D “ D

A4t 1 407
locked
3r 1 30¢

0.16
| Io.12 note: different scales

2t {  20f

\ - 10.04
T 10 I “ /
unlocked

unentangled_

1 1 1 1 1 O 1 ! 1 1 !
-10 -5 0 5 10 -100 -50 0 50 100

A A

“entanglement tongue’’; appears to depend on the
coupling/parameters chosen - open question



theoretical proposals

O.V. Zhirov and D.L. Shepelyansky, EPJD 2006
A.M. Hriscu and Yu.V. Nazarov, PRL 2013
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M. Ludwig and F. Marquardt T.E. Lee and H.R. Sadeghpour

PRL 111, 073603 (2013) PRL 111, 234101 (2013)
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M.R. Hush, W. Li, S. Genway, |. Lesanovsky, M. Xu, D.A. Tieri, E.C. Fine, J.K. Thompson, M.J. Holland
A.D. Armour, PRA 91, 061401 (2015) PRL 113, 154101 (2014)
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optomechanical array

M. Ludwig and F. Marquardt, arXiv:1208.0327v|; PRL I 11,073602 (201 3)

O optical mode a;
O mechanical mode b

== intercellular coupling

X L Q
® O 9GO v v v v v > T s

(. _'(‘:’?.\

2
\’ X Z=¥17 \_’ \' \" \’
QUTKOROXOUTHE

22N

a,a’: photons

. . A T

J
Hom,j = —Aala; + Qblb; — go(bl + by)ala; + ar(al + a )
: J s Aoty B TS
H, = — (ala; + aza]) - Z (b]b; + bzbj)



optomechanical array

driven many-body model...very hard!
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optomechanical array

driven many-body model...very hard!

J = 0; Gutzwiller approximation = single-site problem

A

Hmf — ﬁom _ K([;Jr <[;> =+ [;<I;T>)
to check for collective oscillations, calculate

(b)(t) = b+ re et

e at weak coupling K self-oscillations are incoherent,” = (
although the bare frequencies of the oscillators agree!
quantum effect - due to quantum fluctuations

* collective mechanical motion of the array for r» > (
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trapped ions = realization of vdP oscillators

T.E. Lee and H.R. Sadeghpour PRL 111, 234101 (2013)
trapped ion with ground state, excited state |g), |e)

motional mode with frequency wy = harmonic oscillator



trapped ions = realization of vdP oscillators

T.E. Lee and H.R. Sadeghpour PRL 111, 234101 (2013)
trapped ion with ground state, excited state |g), |e)

motional mode with frequency wy = harmonic oscillator

to realize

d
d_i = —i [AbTb + Q0" +b), p] + 1 D[b']p + 12 D[b%)p

laser-excite to |e) (detuning +wyq ), and simultaneously
to another state |e’) (detuning —2wy )
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trapped ions = realization of vdP oscillators

T.E. Lee and H.R. Sadeghpour PRL 111, 234101 (2013)
trapped ion with ground state, excited state |g), |e)

motional mode with frequency wy = harmonic oscillator

to realize

d
d_i = —i [AbTb + Q0" +b), p] + 1 D[b']p + 12 D[b%)p

laser-excite to |e) (detuning +wyq ), and simultaneously
to another state |e’) (detuning —2wy )

(@) _

:e'; ~. — /7 *»  external drive implemented by
_ RF signal

g) — iny +D)
In-2) n-1)



trapped ions = realization of vdP oscillators

T.E. Lee and H.R. Sadeghpour PRL 111, 234101 (2013)

coupling of two “ionic” vdP oscillators
with similar frequencies:

driving the blue sideband transition —
of both modes = reactive coupling

g(bJ{bQ + b£b1)

lg,ny,n,)  |gn+1,n,-1)



trapped ions = realization of vdP oscillators

T.E. Lee and H.R. Sadeghpour PRL 111, 234101 (2013)

coupling of two “ionic” vdP oscillators
with similar frequencies:

driving the blue sideband transition —
of both modes = reactive coupling

g(blby + DY)

lg,ny,n,)  |gn+1,n,-1)

Wigner function can be directly measured

D. Leibfried et al., PRL 77, 4281 (1996)
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O.V. Zhirov and D.L. Shepelyansky, EPJD 2006

H =p®/2— fz+ Kcos(z) Y 6(t—m)

additional frictional term F=—vp

average momentum without kicks P =

7
.



quantum kicked rotator

O.V. Zhirov and D.L. Shepelyansky, EPJD 2006

H =p®/2— fz+ Kcos(z) Y 6(t—m)

additional frictional term F=—~p
average momentum without kicks P =

with kicks, synchronization plateaus
(devil’s staircase)
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quantum kicked rotator

O.V. Zhirov and D.L. Shepelyansky, EPJD 2006 _ | -
quantum case p = —i |H, p| + ’yz Lij;r. — §{L;Lj, P}
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O.V. Zhirov and D.L. Shepelyansky, EPJD 2006

quantum case p = —i |[H, p| + Z
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quantum kicked rotator

O.V. Zhirov and D.L. Shepelyansky, EPJD 2006

quantum case p = —i |[H, p| + Z

Ll—Z\/n+1\n (n + 1]

LQ—Z\/n—I—H—n}(—n—l\

7)) momentum eigenstates

steps persist at small values of h
= quantum synchronization

J

1 _
LipL; — S{L}L;.p}

v = 0.25

v = 0.05

K = 0.8;

5 N-

3 400 02 04 06 08

h = 0.012.0.05,0.5




quantum phase slip junction
J.E. Mooij and Yu.V. Nazarov, Nature Phys. 2, 169 (2006)

phase slip junction: thin superconducting wire + coherent
quantum phase slips = finite voltage

duality of phase slip junction and Josephson junction:

(4, ¢) = (=0 /27, 2mq)
Es — Ej; Ep— Ec; I+ RV

Er )
22 ¢° — Eg cos(2m§)

into H = Ec§® — Ejcos(o)

transforms H =




Q synchronization of conjugated variables

A.M. Hriscu and Yu.V. Nazarov, PRL 2013

Josephson oscillator = current-biased Josephson junction
Bloch oscillator = voltage-biased phase-slip junction

EBloch ES RS 22
DDl

———————————————————————————————————




Q synchronization of conjugated variables

A.M. Hriscu and Yu.V. Nazarov, PRL 2013

Josephson oscillator = current-biased Josephson junction
Bloch oscillator = voltage-biased phase-slip junction

: R Z
I‘_i ’ 2 W
Josephson  E, |

uncoupled: Z; = o00; Zo =10
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Q synchronization of conjugated variables

A.M. Hriscu and Yu.V. Nazarov, PRL 2013
LC coupling 21 =C; Za=1L

= synchronization of the two oscillations for nw; = mwpg
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Q synchronization of conjugated variables

A.M. Hriscu and Yu.V. Nazarov, PRL 2013
LC coupling 21 =C; Za=1L

= synchronization of the two oscillations for nw; = mwpg

R(2¢2 /7h)

synchronization domains (n/m)



probe of quantum synchronization

Hush et al., PRA 91,061401 (2015)

* two cold ions in microtraps
* probe synchronization by measuring correlation functions
of the ions’ internal states




synchronization of ensembles of atoms

M. Xu, D.A. Tieri, E.C. Fine, J.K. Thompson, M.J. Holland, PRL 113, 154101 (2014)

synchronization of two active atomic clocks to a common
single-mode optical cavity
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synchronization of ensembles of atoms

M. Xu, D.A. Tieri, E.C. Fine, J.K. Thompson, M.J. Holland, PRL 113, 154101 (2014)

synchronization of two active atomic clocks to a common
single-mode optical cavity

steady-state relative phase precession
as a function of detuning

N =100, 500, 10°




energy quantization and Q sync

N. Lorch, E. Amitai, A. Nunnenkamp, CB arXiv:1603.01409

energy quantization hwg not visible in the
synchronization behavior of the quantum vdP oscillator

add a Kerr nonlinearity: (a)
a
hwob ™ — hweb'b + K (bTh)? T 3)

wo + 5K

non-harmonic level spacing

hwo + (2m + 1)K § I
wo + 3K 72




N. Lorch, E. Amitai, A. Nunnenkamp, CB arXiv:1603.01409
to study the tendency to phase locking, define S =

energy quantization and Q sync

non-harmonic level spacing =

several synchronization resonances
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Yo /y =T, Q/y1 = 2.25, K/v = 50
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Wigner distribution



energy quantization and Q sync

N. Lorch, E. Amitai, A. Nunnenkamp, CB arXiv:1603.01409

global behavior of S
for ’}/2/’)/1 = 9, Q/’yl = 2.29, K/”yl — 50
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quantum chimera states

M.). Panaggio and D.M.Abrams, Nonlinearity 28, R67 (2015)
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* complex spatio-temporal pattern in networks of identical
oscillators
* coexistence of synchronized and unsynchronized dynamics
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quantum chimera states

M.). Panaggio and D.M.Abrams, Nonlinearity 28, R67 (2015)

chimera:“fire-breathing hybrid of a lion, a goat, and a snake”

classical chimera states:

* complex spatio-temporal pattern in networks of identical
oscillators
* coexistence of synchronized and unsynchronized dynamics

50 classical vdP oscillators, periodic boundary conditions,

interaction range 10
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quantum chimera states

quantum chimera state!? Bastidas et al., PRE 92, 062924 (2015)
3
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(b) after short time, quantum correlations develop (squeezing)



quantum chimera states

quantum chimera state? Bastidas et al., PRE 92, 062924 (2015)

covariance matrix C;; = <%(Rz‘Rj + R;R;)) — (R:i)(R;)

measure for quantum fluctuations in Roi—1 = q;;  Roy = py



quantum chimera state?

covariance matrix C;;
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measure for quantum fluctuations in Roi—1 = q;;  Roy = py
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conclusion

quantum synchronization can have a variety of meanings:

(approximate) locking of a quantum self oscillator to

an external harmonic drive

(approximate) spontaneous phase synchronization of two
or more quantum self oscillators

collective coherent motion of an array of equal oscillators

synchronization of two conjugate variables (like charge and
phase)

phase locking of two atomic ensembles coupled to a
single-mode cavity



outlook / open questions

quantum synchronization measures
finitely many oscillators / infinite arrays
pattern formation in arrays; chimera states

impact on quantum metrology
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quantum phase slip junction

J.E. Mooij and Yu.V. Nazarov, Nature Phys. 2, 169 (2006)

duality of phase slip junction and Josephson junction:

(4,9) — (—¢/2m,27)
Es — Ej; Ep— FEc; I+ RV

Er )
22 ¢° — Egcos(2m4)

into H = Ec¢* — Ejcos(9)

transforms H —




quantum phase slip junction

J.E. Mooij and Yu.V. Nazarov, Nature Phys. 2, 169 (2006)
duality of phase slip junction and Josephson junction:

(4,9) — (—¢/2m,27)
Es — Ej; Ep— FEc; I+ RV

EL "2 N
transforms H — (277)2¢ — Eg COS(QWQ)
into H = E-§* — E; COS(Cg)

a E,

-
IOHHHAN It
-

Y
even more general S ><




