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II.1 Introduction to digital quantum simulations



Digital Quantum Simulations (DQS)

Goal: obtain dynamical evolution associated with H and perform measurements.

H1 H2 H3 H4 H5 ...

Solution: Stepwise implementation with Lie-Suzuki-Trotter formula.

e�iHt ⇠ (e�iH1t/l · · · e�iHkt/l) +
X

i>j

[Hi, Hj ]t
2/2l

S. Lloyd, Science 273, 1073 (1996)

H = H1 + ...+Hk
l

Problem: We cannot directly implement                                   in our controllable system. 
But we can individually implement each Hamiltonian of the set of interactions:

H = H1 + ...+Hk

Advantages: DQS can profit from quantum error correction protocols that were designed 
for digital quantum computers. It is scalable and universal. 

Disadvantages: the number of qubits and gates for quantum supremacy can be millions. 
It is computationally scalable and universal but it looks, up to now, technically unreachable.



II.2 Digital quantum simulation of spin models
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Heisenberg and Ising models

Dispersive transmon interaction mediated by resonator

Adding single-qubit rotations to our controllable XY interaction

U. Las Heras et al., Phys. Rev. Lett. 112, 200501 (2014)



Digital Heisenberg interaction for two qubits
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No digital error for this protocol!

U. Las Heras et al., Phys. Rev. Lett. 112, 200501 (2014)
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Heisenberg interaction.- Digital methods can be used
to simulate the Heisenberg spin model with available re-
sources in superconducting circuits. We consider a setup
made of several transmon qubits coupled to a single
coplanar microwave resonator [27],

HT =
NX

i=1

4EC,i(ni � ng,i)
2 � EJ,i cos �i

+!ra
†a + 2�ieVrmsni(a + a†). (2)

Here, ni, ng,i and �i stand respectively for the quantized
charge on the superconducting island, the o↵set charge
and the quantized flux of the i-th transmon qubit. The
operators a(a†) act on the resonator field, whose first
mode has frequency !r. EC,i is the charging energy of the
superconducting island, while EJ,i = Emax

J,i | cos(⇡�i/�0)|
is the Josephson energy of the dc-SQUID loop embedded
in the i-th qubit. The latter can be tuned from small
values up to Emax

J,i by changing the ratio of the external
magnetic flux �i, that threads the loop, with the ele-
mentary flux quantum �0. Here �i are renormalization
coe�cients of the couplings due to circuit capacitances,
Vrms is the root mean square voltage of the resonator, and
e is the electron charge. Typical transmon regimes con-
sider ratios of Josephson versus charging energy starting
from EJ/EC & 20.

Notice that cavity and circuit QED platforms do not
feature the Heisenberg interaction from first principles.
Nevertheless, one can consider a digital simulation of the
model. We show that the coupled transmon-resonator
system, governed by the Hamiltonian in Eq. (2), can sim-
ulate Heisenberg interactions of N qubits, which in the
case of homogeneous couplings reads

HH =
N�1X

i=1

J
�
�x

i �x
i+1 + �y

i �y
i+1 + �z

i �z
i+1

�
. (3)

Here the Pauli matrices �j
i , j 2 {x, y, z} refer to the sub-

space spanned by the first two levels of the i-th trans-
mon qubit. We begin by considering the simplest case,
in which two qubits are involved. The XY exchange in-
teraction can be directly reproduced by dispersively cou-
pling two transmon qubits to the same resonator [28–30],
Hxy
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XY exchange interaction can be transformed via local ro-
tations of the single qubits to get the e↵ective Hamiltoni-
ans Hxz

12 = Rx
12(⇡/4)Hxy

12 Rx†
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Here, R
x(y)
12 (⇡/4) = exp[�i⇡/4(�x(y)

1 + �
x(y)
2 )] represents

a local rotation of the first and second transmon qubits
along the x(y) axis. The XYZ exchange Hamiltonian
Hxyz

12 can therefore be implemented according to the pro-
tocol shown in Fig. 1a with the following steps. Step 1.–
The qubits interact for a time t according to the XY
Hamiltonian Hxy

12 . Step 2.– Application of single qubit
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FIG. 1. Protocols for digital quantum simulations with trans-
mon qubits. a) Heisenberg model of two qubits. b) Heisen-
berg model of three qubits. c) Frustrated Ising model of three
qubits. Here R

x(y) ⌘ Rx(y)(⇡/4) and R
x

⌘ Rx(⇡/2).

rotations Rx
12(⇡/4) to both qubits. Step 3.– The qubits

interact for a time t with Hxy
12 Hamiltonian. Step 4.– Ap-

plication of single qubit rotation Rx†
12(⇡/4) to both qubits.

Step 5.– Application of single qubit rotation Ry
12(⇡/4) to

both qubits. Step 6.– The qubits interact for a time t
according to the Hxy

12 Hamiltonian. Step 7.– Application

of single qubit rotation Ry†
12(⇡/4) to both qubits. Conse-

quently, the total unitary evolution reads

UH
12(t) = e�iHxy

12 te�iHxz

12 te�iHyz

12 t = e�iHH
12t. (4)

This evolution operator simulates the dynamics of Eq. (3)
for two qubits. Arbitrary inhomogeneites of the cou-
plings can be achieved by implementing di↵erent sim-
ulated phases for di↵erent digital steps. Notice that, in
this case, just one Trotter step is needed to achieve a sim-
ulation without digital errors, due to the commutativity
of Hxy

12 , Hxz
12 , and Hyz

12 . Thus, from a practical point of
view, the only source of errors will come from accumu-
lated gate errors. One can assume two-qubit gates with
an error of about 5% and eight ⇡/4 single qubit rotations
with errors of 1%. This will give a total fidelity of the
protocol around 77%. Moreover, the total execution time
for the protocol for a ⇡/4 simulated XYZ phase will be
of about 0.10 µs.

Now, we consider a digital protocol for the simulation
of the Heisenberg interaction for a chain of three spins.
When considering more than two spins, one has to take
into account noncommuting Hamiltonian steps, involv-
ing digital errors. This three-spin case is directly extend-
able to arbitrary numbers of spins. We follow a digital
approach for its implementation, as shown in Fig. 1b.
Step 1.– Qubits 1 and 2 interact for a time t/l with
XY Hamiltonian. Step 2.– Qubits 2 and 3 interact for
a time t/l with XY Hamiltonian. Step 3.– Application of
Rx

12(⇡/4) to each qubit. Step 4.– Qubits 1 and 2 interact

a) Heisenberg, two sites 

b) Heisenberg, three sites 

c) Frustrated Ising, three sites

U. Las Heras et al., Phys. Rev. Lett. 112, 200501 (2014)

DQS of different spin models



Digital error versus accumulated experimental error
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a) Heisenberg model, with ε = 10-2, l = 3, 5; and b) ε = 5 × 10-2, l = 2, 3. 

b) Transverse field Ising model, with ε = 10-2, l = 3, 5; and b) ε = 5 × 10-2, l = 2, 3.

U. Las Heras et al., Phys. Rev. Lett. 112, 200501 (2014)



Experimental DQS of spins models at ETH Zurich

First DQS of spin models in cQED

Digital Quantum Simulation of Spin Models with Circuit Quantum Electrodynamics

Y. Salathé,1,* M. Mondal,1 M. Oppliger,1 J. Heinsoo,1 P. Kurpiers,1 A. Potočnik,1 A. Mezzacapo,2
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(Received 6 March 2015; published 17 June 2015)

Systems of interacting quantum spins show a rich spectrum of quantum phases and display interesting
many-body dynamics. Computing characteristics of even small systems on conventional computers poses
significant challenges. A quantum simulator has the potential to outperform standard computers in
calculating the evolution of complex quantum systems. Here, we perform a digital quantum simulation of
the paradigmatic Heisenberg and Ising interacting spin models using a two transmon-qubit circuit quantum
electrodynamics setup. We make use of the exchange interaction naturally present in the simulator to
construct a digital decomposition of the model-specific evolution and extract its full dynamics.
This approach is universal and efficient, employing only resources that are polynomial in the number
of spins, and indicates a path towards the controlled simulation of general spin dynamics in super-
conducting qubit platforms.

DOI: 10.1103/PhysRevX.5.021027 Subject Areas: Condensed Matter Physics,
Quantum Information,
Superconductivity

Quantum simulations using well-controllable quantum
systems to simulate the properties of another less tractable
one [1,2] are expected to be able to predict the properties
and dynamics of diverse systems in condensed matter [3,4],
quantum chemistry [5], and high-energy physics [6,7]. In
particular, quantum simulations are expected to provide
new insights into open problems, such as modeling high-Tc
superconductivity [8], thermalization [9], and nonequili-
brium dynamics [10]. Up to now, several prototypical
quantum simulations have been proposed and realized in
trapped ions [11], cold atoms [12], and quantum photonics
[13]. These systems have fundamentally different intrinsic
properties offering complementary paths for realizing
quantum simulators to which circuit QED platforms are
expected to contribute. Examples of simulations carried out
include spin models [14–16], many-body physics [17], and
relativistic quantum mechanics [18]. In the field of super-
conducting circuits, quantum simulations are still in their
infancy [19]. Topological properties [20,21] have been
simulated recently, as have been fermionic models [22].

Quantum simulators are typically classified into two
main categories, namely, analog and digital. Analog quan-
tum simulators are designed to display intrinsic dynamics
that are equivalent to those of the simulated system. While
this approach is not universal, it features control of the
relevant Hamiltonian parameters better than in the system
to be simulated. Instead, digital quantum simulators [2] can
reproduce the dynamics of a quantum system via a
universal digital decomposition of its Hamiltonian H ¼P

kHk into efficient elementary gates realizing Hk. This
approach is based on the Suzuki-Lie-Trotter expansion of
the time evolution UðtÞ¼ e−iHt¼ limn→∞ð

QN
k¼1 e

−iHkt=nÞn
and was recently demonstrated experimentally in a trapped-
ion digital quantum simulator [15]. Variants of this digital
protocol make use of fractal approximations [23], adaptive
time steps for time-dependent Hamiltonians [24], and
heralded protocols for the implementation of linear combi-
nations of operators [25].
Here, we demonstrate digital quantum simulation of spin

systems [16] in an architecture known as circuit QED [26].
Our experiments are carried out with two superconducting
transmon qubits [27] coupled dispersively to a common
mode of a coplanar waveguide resonator (see Appendix A
for the device layout and setup diagram). We operate
the circuit at 30 mK in a dilution refrigerator. The
qubits Q1 and Q2 interact with a coplanar waveguide
resonator with a fundamental resonance frequency at
7.14 GHz, which serves both as a quantum bus [28] and
for readout [29].

*ysalathe@phys.ethz.ch
†Now at: IBM T. J. Watson Research Center, Yorktown

Heights, NY 10598, USA.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
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the published article’s title, journal citation, and DOI.
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Heisenberg model

Y. Salathé et al., PRX’15

Experimental DQS of spins models at ETH Zurich



Ising model

Experimental DQS of spins models at ETH Zurich

Y. Salathé et al., PRX’15



II.3 Digital-analog quantum simulation of the quantum Rabi model



Analog or Digital Quantum Simulations?

a) Analog quantum simulators (AQS) map qubits onto qubits, bosonic modes onto bosonic 
modes, involving always-on interactions and accumulating tiny errors that are not easy to correct. 

b) Digital quantum simulators (DQS) discretize the time evolution with single/multiqubit gates. 
They are considered as universal quantum simulators allowing for error correction protocols. 

c) We propose to integrate DQS & AQS into digital-analog quantum simulators (DAQS) 

to develop a modular approach of analog blocks combined with digital techniques.



Digital quantum Rabi and Dicke models 
 Mezzacapo et al., Sci. Rep. 2014

Experiment at TU Delft

In DAQS, analog blocks are combined sequentially with digital steps. 

Analog blocks are made of collective quantum gates, that is, in-built complex operations. 
Digital steps are local quantum operations that may act also in a global manner. 

Analog blocks provide the complexity of the simulated model, digital steps provide flexibility. 
Similar spirit can be followed by introducing digital-adiabatic quantum computers (DAQC).

Complexity Simulating Complexity

A fist experiment in DAQS for superconducting circuits 
Bilbao theory + Delft experiment



Quantum Rabi model: most fundamental light-matter interaction

Digital Quantum Rabi and Dicke Models in Superconducting Circuits

A. Mezzacapo,1 U. Las Heras,1 J. S. Pedernales,1 L. DiCarlo,2 E. Solano,1, 3 and L. Lamata1
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We propose the analog-digital quantum simulation of the quantum Rabi and Dicke models using
circuit quantum electrodynamics (QED). We find that all physical regimes, in particular those which
are impossible to realize in typical cavity QED setups, can be simulated via unitary decomposition
into digital steps. Furthermore, we show the emergence of the Dirac equation dynamics from the
quantum Rabi model when the mode frequency vanishes. Finally, we analyze the feasibility of this
proposal under realistic superconducting circuit scenarios.

PACS numbers: 03.67.Lx, 42.50.Pq, 02.30.Ik

The simplest, most fundamental interaction of quan-
tum light and quantum matter can be described by the
quantum Rabi model, consisting of the dipolar coupling
of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
trapped ions, and circuit QED, provides a natural imple-
mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
frequency, the model is said to be in the ultrastrong
coupling (USC) regime. Experimental evidence of this
regime has been observed in the optical [7] and microwave
domains [8, 9]. Coupling strengths larger than the mode
frequency mark the transition towards the recently in-
troduced deep-strong coupling (DSC) regime [10]. Signa-
tures of the latter may be retrieved effectively in different
quantum systems [11, 12], but an experimental observa-
tion of the full quantum Rabi and Dicke models in all
parameter regimes has not yet been realized. In partic-
ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
r

a†a +
!

q

2
�z + g(a†�� + a�+), (1)

where !
r

and !
q

are the resonator and qubit transition
frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
Hamiltonian

H
R

= !R

r

a†a +
!R

q

2
�z + gR�x(a† + a) (2)
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Small coupling as compared to mode & qubit frequencies: Jaynes-Cummings model
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We propose the analog-digital quantum simulation of the quantum Rabi and Dicke models using
circuit quantum electrodynamics (QED). We find that all physical regimes, in particular those which
are impossible to realize in typical cavity QED setups, can be simulated via unitary decomposition
into digital steps. Furthermore, we show the emergence of the Dirac equation dynamics from the
quantum Rabi model when the mode frequency vanishes. Finally, we analyze the feasibility of this
proposal under realistic superconducting circuit scenarios.
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The simplest, most fundamental interaction of quan-
tum light and quantum matter can be described by the
quantum Rabi model, consisting of the dipolar coupling
of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
trapped ions, and circuit QED, provides a natural imple-
mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
frequency, the model is said to be in the ultrastrong
coupling (USC) regime. Experimental evidence of this
regime has been observed in the optical [7] and microwave
domains [8, 9]. Coupling strengths larger than the mode
frequency mark the transition towards the recently in-
troduced deep-strong coupling (DSC) regime [10]. Signa-
tures of the latter may be retrieved effectively in different
quantum systems [11, 12], but an experimental observa-
tion of the full quantum Rabi and Dicke models in all
parameter regimes has not yet been realized. In partic-
ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
r

a†a +
!

q

2
�z + g(a†�� + a�+), (1)

where !
r

and !
q

are the resonator and qubit transition
frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
Hamiltonian

H
R

= !R

r

a†a +
!R

q

2
�z + gR�x(a† + a) (2)
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How DAQS works in superconducting circuits?

Digital quantum Rabi and Dicke models 
 Mezzacapo et al., Sci. Rep. 2014



Interaction available in cQED: Jaynes-Cummings model
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circuit quantum electrodynamics (QED). We find that all physical regimes, in particular those which
are impossible to realize in typical cavity QED setups, can be simulated via unitary decomposition
into digital steps. Furthermore, we show the emergence of the Dirac equation dynamics from the
quantum Rabi model when the mode frequency vanishes. Finally, we analyze the feasibility of this
proposal under realistic superconducting circuit scenarios.
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The simplest, most fundamental interaction of quan-
tum light and quantum matter can be described by the
quantum Rabi model, consisting of the dipolar coupling
of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
trapped ions, and circuit QED, provides a natural imple-
mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
frequency, the model is said to be in the ultrastrong
coupling (USC) regime. Experimental evidence of this
regime has been observed in the optical [7] and microwave
domains [8, 9]. Coupling strengths larger than the mode
frequency mark the transition towards the recently in-
troduced deep-strong coupling (DSC) regime [10]. Signa-
tures of the latter may be retrieved effectively in different
quantum systems [11, 12], but an experimental observa-
tion of the full quantum Rabi and Dicke models in all
parameter regimes has not yet been realized. In partic-
ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
r

a†a +
!

q

2
�z + g(a†�� + a�+), (1)

where !
r

and !
q

are the resonator and qubit transition
frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
Hamiltonian

H
R

= !R

r

a†a +
!R

q

2
�z + gR�x(a† + a) (2)
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can be encoded in a superconducting setup provided with
a Jaynes-Cummings interaction, as in Eq. (1), using a
digital expansion.

The quantum Rabi Hamiltonian in Eq. (2) can be de-
composed into two parts, H

R

= H1 + H2, where

H1 =
!R

r

2
a†a +

!1
q

2
�z + g(a†�� + a�+),

H2 =
!R

r

2
a†a �

!2
q

2
�z + g(a†�+ + a��), (3)

and we have defined the qubit transition frequency in
the two steps such that !1

q

� !2
q

= !R

q

. These two inter-
actions can be simulated in a typical circuit QED device
with fast control of the qubit transition frequency. Start-
ing from the qubit-resonator Hamiltonian in Eq. (1), one
can define a frame rotating at frequency !̃, in which the
effective interaction Hamiltonian becomes

H̃ = �̃
r

a†a + �̃
q

�z + g(a†�� + a�+), (4)

with �̃
r

= (!
r

� !̃) and �̃
q

= (!
q

� !̃) /2. Therefore,
Eq. (4) is equivalent to H1, following a proper redefinition
of the coefficients. The counter-rotating term H2 can be
simulated by applying a local qubit rotation to H̃ and a
different detuning for the qubit transition frequency,

e�i⇡�

x

/2H̃ei⇡�

x

/2 = �̃
r

a†a��̃
q

�z+g(a†�++a��). (5)

By choosing different qubit-resonator detuning for the
two steps, �̃1

q

for the first one and �̃2
q

for the rotated step,
one is able to simulate the quantum Rabi Hamiltonian,
Eq. (2), via digital decomposition [21], by interleaving
the simulated interactions. The frequency scheme of the
protocol is shown in Fig. 1. Standard resonant Jaynes-
Cummings interaction parts with different qubit transi-
tion frequencies are interrupted by microwave pulses, in
order to perform customary qubit flips [30]. This se-
quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
quantum Rabi dynamics.

The simulated Rabi parameters can be obtained as a
function of the physical parameters of the setup by in-
verting the derivation presented above. In this way, one
has that the simulated bosonic frequency is related to
the resonator detuning !R

r

= 2�̃
r

, the two-level transi-
tion frequency is related to the transmon frequency in
the two steps, !R

q

= �̃1
q

� �̃2
q

, and the coupling to the
resonator remains the same, gR = g. Notice that even
if the simulated two-level frequency !R

q

depends only on
the frequency difference, large detunings �̃1(2)

q

will af-
fect the total fidelity of the simulation. In fact, since
the digital error depends on the magnitude of individual
commutators between the different interaction steps, us-
ing larger detunings linearly increases the latter, which
results in fidelity loss of the simulation. To minimize
this loss, one can choose, for example, the transmon fre-
quency in the second step to be tuned to the rotating

!q
!r

!̃

time

1 12

FIG. 1. (Color online) Frequency scheme of the stepwise im-
plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.

gR = !R
q /2 = !R

r /2 !̃ = 7.4 GHz, !1
q � !2

q = 200 MHz
gR = !R

q = !R
r !̃ = 7.45 GHz, !1

q � !2
q = 100 MHz

gR = 2!R
q = !R

r !̃ = 7.475 GHz, !1
q � !2

q = 100 MHz

frame, such that �̃2
q

= 0. To estimate the loss of fi-
delity due to the digital approximation of the simulated
dynamics, we consider a protocol performed with typi-
cal transmon qubit parameters [26]. We estimate a res-
onator frequency of !

r

/2⇡ = 7.5 GHz, and a transmon-
resonator coupling of g/2⇡ = 100 MHz. The qubit fre-
quency !

q

and the frequency of the rotating frame !̃ are
varied to reach different parameter regimes. To per-
form the simulation for the quantum Rabi model with
gR/2⇡ = !R

q

/2⇡ = !R

r

/2⇡ = 100 MHz, for example,
one can set !1

q

/2⇡ = 7.55 GHz, !2
q

/2⇡ = 7.45 GHz. In
this way, one can define an interaction picture rotating at
!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.

In order to capture the physical realization of the sim-
ulation, we plot in Fig. 2 the behavior of the transmon-
resonator system during the simulation protocol. We nu-
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FIG. 1. (Color online) Frequency scheme of the stepwise im-
plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.
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Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
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the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
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qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.
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quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
quantum Rabi dynamics.
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mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.
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frame, such that �̃2
q

= 0. To estimate the loss of fi-
delity due to the digital approximation of the simulated
dynamics, we consider a protocol performed with typi-
cal transmon qubit parameters [26]. We estimate a res-
onator frequency of !

r

/2⇡ = 7.5 GHz, and a transmon-
resonator coupling of g/2⇡ = 100 MHz. The qubit fre-
quency !
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and the frequency of the rotating frame !̃ are
varied to reach different parameter regimes. To per-
form the simulation for the quantum Rabi model with
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/2⇡ = 100 MHz, for example,
one can set !1
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/2⇡ = 7.55 GHz, !2
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/2⇡ = 7.45 GHz. In
this way, one can define an interaction picture rotating at
!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.
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of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.
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resonator system during the simulation protocol. We nu-
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Cummings interaction parts with different qubit transi-
tion frequencies are interrupted by microwave pulses, in
order to perform customary qubit flips [30]. This se-
quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
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The simulated Rabi parameters can be obtained as a
function of the physical parameters of the setup by in-
verting the derivation presented above. In this way, one
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of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.
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Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).
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!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.

In order to capture the physical realization of the sim-
ulation, we plot in Fig. 2 the behavior of the transmon-
resonator system during the simulation protocol. We nu-
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FIG. 2. (Color online) A transmon qubit and microwave
resonator simulating the quantum Rabi Hamiltonian in the
regime gR = !R

r , !R
q = 0. The ideal dynamics, plotted in the

inset, shows collapses and revivals of the photon and qubit
population. The latter are recovered via sequential qubit-
resonator interactions and qubit flips. The photon population
is pumped to the expected value at the time marked by the
arrow. Note that the simulating time t̃ is different from the
simulated time t.

merically integrate a master equation, alternating steps
of Jaynes-Cummings interaction with single-qubit flip
pulses. We consider ⇢̇ = �i[H, ⇢]+L(a)⇢+�
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= f(t)�x, where f(t) is a smooth function such
that

R
T

f

0 f(t)dt = ⇡/2, T
f

being the qubit bit-flip time.
The quantum dynamics is affected by Lindblad super-
operators �
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L(�z)⇢, ��L(��)⇢, and L(a)⇢ modelling
qubit dephasing, qubit relaxation and resonator losses.
We have defined L(A)⇢ = (2A⇢A† � A†A⇢ � ⇢A†A)/2.
We set a resonator-qubit coupling of g/2⇡ = 80 MHz,
and a frame rotating at the qubit frequency, �̃
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/2⇡ = 40 MHz. We consider ��/2⇡ = 30 kHz,
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/2⇡ = 60 kHz, and /2⇡ = 100 kHz. The inset of
Fig. 2 shows collapses and revivals of both the photon
and spin dynamics, which are typical signatures of the
regimes of the quantum Rabi dynamics dominated by
the coupling strength. We consider prototypical DSC
dynamics, with !R
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= 0, and gR = !R

r

. We choose to
set the simulation at the time marked by the black ar-
row, close to the photon population peak in the inset. A
simulation with 15 digital steps is then performed. The
time for a single qubit flip pulse is set to T
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= 10 ns.
Periodic collapses and revivals of the bosonic population
of the quantum Rabi model ha†ai
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are shown as a func-
tion of time, in the inset. The ideal spin and bosonic
populations h�
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and ha†ai
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, evolving according to the
quantum Rabi Hamiltonian, are shown to be in good
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FIG. 3. (Color online) Time evolution of the fidelity
F = |h S | Ri|2 of state | Si evolving according to the dig-
itized protocol, to the ideal state | Ri evolving according to
the quantum Rabi dynamics, with a) gR = !R

r /2 = !R
q /2,

b) gR = !R
r = !R

q , c) gR = 2!R
r = !R

q , and d) gR = 2!R
r =

1.5!R
q . The simulation is performed for different number n of

Trotter steps. Black curves in the insets show the overlap of
the ideal evolved state with the one at time t = 0, |h R| 0i|2,
initialized with a fully excited qubit and the resonator in the
vacuum state.

agreement with the simulated ones, h�
z

i and ha†ai, at
the final simulated time. In fact, during the Jaynes-
Cummings interaction parts, photons are pumped into
the resonator. Afterwards, before the photon population
starts to decrease due to excitation exchanges with the
transmon qubit, a qubit flip further enhances the photon
production.

The simulation protocol can be performed for every
time of the dynamics, with the number of digital steps
tuned to reach a satisfactory simulation fidelity. We
plot in Fig. 3 the fidelity F = |h 

S
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R

i|2 as a func-
tion of time of the simulated wavefunction  

S

, includ-
ing resonator and spin degrees of freedom, versus the
ideal one  

R

, given by Eq. (2). The fidelity is plot-
ted for different parameters and iteration steps. Increas-
ing the number of steps, the fidelity grows as expected
from standard Suzuki-Lie-Trotter expansions [31]. In
principle, the whole protocol can accurately access non-
analytical regimes of these models, including USC and
DSC regimes.

By adding several transmon qubits to the architecture,
the presented method can be extended to simulate the
Dicke Hamiltonian
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Cummings interaction parts, photons are pumped into
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starts to decrease due to excitation exchanges with the
transmon qubit, a qubit flip further enhances the photon
production.
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USC & DSC regimes are simulated. Move now towards to the Dicke model!



Tro$er	decomposi-on	
Rabi,	Phys	Rev	(1936)	
Mezzacapo	et	al.,	Sci	Rep	(2014)	
	

Expected	dynamics	for	g	=	2	MHz	

qubit	 resonator	

Experimental DQS of the quantum Rabi model: Delft 
N	K	Langford	et	al.,	in	preparaDon	(2016)	



Qubit	 Resonator	Photon	Number	

•  For g ~ 1.95 MHz, g/ω = 1 gives expected qubit revival at 0.51 microseconds 
•  Qubit revivals beyond 0.4 us, photon number oscillations beyond 1.1 us (g/ω > 2) 

N	K	Langford	et	al.,	in	prepara0on	(2016)	

lin
ea

r 
ra

ng
e 

of
 d

et
ec

to
r 

ultrastrong	

deep-strong	

DQS of the QRM with transmons: Delft 



•  DSC regime leads to “Schroedinger cat”-like entanglement between qubit & resonator 
•  Witnessed by observing negativity in both conditional cavity Wigner functions (state 

conditioned on measuring the qubit in 0 or 1) – smoking gun for deep-strong coupling 
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“Schrödinger cats” in DSC regime of QRM: Delft 
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Quantum Field Theory models  
Casanova et al., PRL 2011
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and in the time- and space-dependent phases that are
associated to energy and momentum conservation.

The bosonic field will, in addition, be written as

A(t, x) = a0e
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0e
i!0te�ik0x. (10)

Consequently, the resulting interaction Hamiltonian is
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This Hamiltonian contains the self-interacting dynam-
ics given by |f, f̄ , ni $ |f, f̄ , n ± 1i (|f, f̄ , ni denotes
the state with one fermion, one antifermion, and n
bosons), mediated by b†

inbina
k0 , b†

inbina†
k0

, dind†
ina

k0 and

dind†
ina†

k0
. It also includes pair creation and annihilation

processes given by |f, f̄ , ni $ |0, 0, n ± 1i, mediated by
dinbina†

k0
and b†

ind†
ina

k0 in the quasi-resonant case, as well

as dinbina
k0 and b†

ind†
ina†

k0
in the far o↵-resonant case.

The last kind of transitions, as well as self-interactions,
are o↵-resonant and would be neglected in the weak cou-
pling regime, but would be allowed in our formalism for
USC/DSC regimes [18]. In our proposed setup, all per-
turbative series terms are included, as shown in Fig. 1.

For practical purposes, we consider |k0| ⌧ !0, i.e.,
a slow massive boson. We may then approximate
Ff,f (p

f

, p
f

, k0, t) = F f̄ ,f̄ (p
f̄

, p
f̄

, k0, t) = g1 exp(�i!0t),

and Ff,f̄ (p
f

, p
f̄

, k0, t) = g2 exp[�(t� T/2)2/(2�2
t

) + i�t],
where g2/g1 gives the relative strength of the pair cre-
ation with respect to the self-interaction, � = !

f

+!
f̂

�!0

and T is the total time of the process, being �
t

the tem-
poral interval of the interaction region. Thus, the self-
interactions are always on, while the pair creation and
annihilation take place only when the fermion and an-
tifermion wavepackets overlap, as they should. Accord-
ingly, the Hamiltonian we aim to simulate is

H = g1e
�i!0t

⇣
b†
inbina0 + dind†

ina0

⌘
(13)

+ g2e
� (t�T/2)2

2�2
t

h
ei�tb†

ind†
ina0 + e�i(2!0+�)tdinbina0

i
+ H.c.

We propose to implement this Hamiltonian dynamics in
a system of two trapped ions, see Fig. 2a. The bosonic
mode will be encoded in the center-of-mass (COM) vi-
bronic mode of the two-ion system. We envision to

FIG. 2. (a) Setup for the trapped-ion simulation. (b)
|hf, 0, 0| (t)1i|2 as a function of t in units of !0 (red/upper
curves), where | (t)1i is the evolved state from | (0)1i =
|f, 0, 0i, and average number of virtual bosons (blue/lower

curves), ha†
0a0i, for g1 = 0.15!0, 0.1!0, 0.05!0, 0.01!0, g2 = 0.

The largest amplitudes correspond to the largest couplings.
(c) |hf, f̄ , 0| (t)2i|2 as a function of t in units of !0 (red/upper
left curve), where | (t)2i is the evolved state from | (0)2i =
|f, f̄ , 0i, and average number of virtual bosons (blue/lower

left curve), ha†
0a0i, for g1 = 0.01!0, g2 = 0.21!0, �t = 3/!0,

T = 30/!0, � = 0. (d) The same as (c) for g1 = 0.1!0,
g2 = !0, �t = 4/!0, T = 30/!0, � = 0.

map the 4-dimensional Hilbert space associated to the
fermionic/antifermionic operators onto 4 internal levels
of the first ion. For this, we consider a Jordan-Wigner
mapping, b†

in = I ⌦ �+, bin = I ⌦ ��, d†
in = �+ ⌦ �

z

,
din = �� ⌦ �

z

, and encode it in four internal levels of
the first ion, |1i, |2i, |3i, |4i, e.g., b†

in = |4ih3| + |2ih1|,
d†
in = |4ih2| � |3ih1|, the vacuum state is state |1i, and

|fi = |2i, |f̄i = �|3i, |f, f̄i = �|4i. Accordingly, Hamil-
tonian (13) results in

H = �g(t)

✓
|4ih1| a0e

i�t + |1ih4| a†
0e

�i�t

◆

�g(t)

✓
|1ih4| a0e

�i(2!0+�)t + |4ih1| a†
0e

i(2!0+�)t

◆

�g1

✓
|3ih3|� |2ih2|

◆✓
a0e

�i!0t + a†
0e

i!0t

◆

+g1 I

✓
a0e

�i!0t + a†
0e

i!0t

◆
. (14)

Here, the first line corresponds to a detuned red sideband
interaction between |4i and |1i with time-dependent
Rabi frequency g(t) = g2 exp[�(t � T/2)2/2�2

t

]. The
second line is a detuned blue sideband interaction, be-
tween the same levels and with the same Rabi frequency.
The third line can be developed applying detuned red
and blue sideband interactions to |3i and |2i to pro-
duce (|3ih2|� |2ih3|)[a0 exp(�i!0t)+a†

0 exp(i!0t)]/i, and
a rotation of |3i and |2i with a classical field to pro-
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FIG. 2. (color online). Dynamics for the 3 + 1 ions configu-
ration of the NN XX Hamiltonian. Dotted curves stand for
h�i

ziE for the exact dynamics, and solid curves stand for h�i
ziI

for realistic ion interactions (i = 1, 2, 3 for the first, second
and third ion). The parameters are chosen in order to have
maxima in the fidelity F (t) = |h E(t)| I(t)i|2 of ⇠ 0.995 (top
black curve) at time steps of ⇠ 333 ⌫1t. These time steps can
be chosen as Trotter steps.

possibility of obtaining an Ising field in linear chains of
trapped ions has been proposed and realized [32, 36].
However, in implementing NN interactions between more
than two ions, one must be careful in designing an ap-
propriate set of lasers and detunings in order to minimize
the spurious non-nearest-neighbor (NNN) e↵ects. To this
extent, we have realized numerical simulations for a 3+1
ions setup [37], using one set of two pairs of counter-
propagating lasers detuned close to the shifted center of
mass (COM) shifted mode of frequency �1 = ⌫1 � !0/3
to drive the first two ions (detunings ±�1), and another
set of lasers detuned close to a second mode of frequency
�2, that in the case of 3+1 ions can be chosen as the
breathing mode, addressing the second and the third ion
(detunings ±�2). For a generic number of ions, Rabi fre-
quencies ⌦i of the lasers driving the i-th and the i+1-th
ions are chosen to achieve the desired strength in the
Ising coupling, according to [36],

HNN =
N�1X

i=1

⌦2
i

" 
NX

m=1

⌘i,m⌘i+1,m�m

�2
i ��2

m

!

+
⌘i,N+1⌘i+1,N+1⌫N+1

�2
i � ⌫2

N+1

�
�x

i �x
i+1. (7)

In Fig. 2, the first and second ion are driven with two
pairs of counterpropagating lasers with detuning close to
the shifted COM mode (�1 = 1.0187 ⌫1 for !0 = h/4).
The Rabi frequencies are chosen properly in order to
reach a NN interaction of h/2 = 0.001 ⌫1. Lasers driving
the second and the third ions are detuned close to the
shifted breathing mode at ⌫2 = 1.731 ⌫1 [35], with pa-
rameters �2 = 1.71196 ⌫1. Detunings are chosen to have a
dynamics decoupled with respect to the phonons at time

steps ⇠ 333 ⌫t and a negligible NNN interaction [37]. At
these times, the ion spins match the exact value, phonons
are detached from spins and the fidelity oscillation (top
black curve) F (t) = |h E(t)| I(t)i|2 reaches maxima,
with peaks of ⇠ 0.995.

The initial state, as in all our numerical simulations,
except where specified, is chosen to mimic a configura-
tion in which one electron is injected at the center of a
one dimensional lattice provided with Holstein interac-
tions. To this extent, all the spins are initialized in the
opposite Z direction, except the one in site N/2, in case
of even N , or (N + 1)/2 in case of odd N . The spin of
the last ion has to be initialized along the Z direction in
order to be a passive ion with respect to the dynamics,
according to the protocol for the implementation of H3

given below. The vibrational modes are assumed to be
initially cooled down to the ground state with resolved
sideband cooling [33].

Notice that one can always implement a perfect NN
coupling by using more stroboscopic steps. A possibil-
ity is to decompose the global NN into nearest-neighbor
pairwise interactions. Another possibility is to design a
counter, non-nearest-neighbor interaction step between
pairs of non-nearest neighbor ions in order to eliminate
the spurious NNN imperfections. Given that one has an
unwanted hi,j�

i
x�j

x, one can add more Trotter steps to
the protocol of the form �hi,j�

i
x�j

x in order to have an
Hamiltonian free of NNN couplings. The dynamics as-
sociated to the step with H2 is implemented similarly to
the one of H1, with a di↵erent choice of the initial phases
of the lasers, in order to achieve a YY interaction.

The Hamiltonian H3 is realized as a combination of
2N red and blue detuned lasers with appropriate ini-
tial phases in order to recover a coupling of the i-th
ion (i = 1, ...N) with the mi-th normal (shifted) mode
⌘i,mi

⌦i�
i
x(b†mi

+ bmi
). The i-th ion is driven with red

and blue detuned lasers to the mi-th mode, establishing
a one-to-one correspondence between the first N ions and
the first N normal modes. Moreover, the last ion of the
chain is driven by 2N lasers detuned in order to be cou-
pled with the same modes of the ions in the chain. Two
additional rotations of the spins of all ions around the
Y axis are applied before and after coupling the spins to
the phonons. They can be obtained by acting two times
with a global beam upon all the N + 1 ions at the same
time. The Hamiltonian describing this process is,

He�p =
NX

i=1

(⌦i⌘i,mi�
i
z+⌦N+1,i⌘N+1,mi�

N+1
z )(bmi+b†mi

).

(8)
The Rabi frequencies of the lasers must be chosen accord-
ing to ⌦i = g/2⌘i,mi

, ⌦N+1,i = g/2⌘N+1,mi
. If the last

ion is initialized with the spin aligned along the Z axis
and not addressed by spin flip gates during the simula-
tion, the previous described gates result in the e↵ective
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II.4 Digital quantum simulation of fermion and fermion-boson models



i) Jordan Wigner
b†i = I ⌦ I ⌦ . . . ⌦ �+

i ⌦ �z
i�1 ⌦ . . . ⌦ �z

1

{bi, b†j} = �i,j

ii) Trotter expansion

iii) Efficient implementation  
spin operators

H =
mX

i=1

Hi Hi = gi�i1 ⌦ �i2 ⌦ . . . ⌦ �iN

e�iHt ' (e�iH1t/ne�iH2t/n. . . e�iHmt/n)n

DQS of fermionic models

,

J. Casanova et al., PRL ’12
Local fermion interactions Nonlocal spin interactions

U. Las Heras et al., EPJ QT (2015)

M. Müller et al., NJP’11



M. Müller et al., NJP’11

H =

↵X

n=2

 NX

i1...in=1

gi1...inci1 · · · cin +H.c.

�
,

H =
mX

i=1

Hi Hi = gi�i1 ⌦ �i2 ⌦ . . . ⌦ �iN

{cil , c
†
il0
} = �l,l0

Fermionic Hamiltonian

Trapped-ion implementation: 
Molmer-Sorensen gates (highly efficient)

.

.

.

MS MS-1
�z

.

.

.

.

.

.
U. Las Heras et al., EPJ QT (2015)

J. Casanova et al., PRL ’12



H =
X

p�

✏pb
†
p�bp� � J

X

pp0j

eiRj ·(p�p0)[(b†p"bp0" � b†p#bp0#)�
z
j + b†p"bp0#�

�
j + b†p#bp0"�

+
j ].

H = w
X

�i�

b†i�bi+�� + U
X

j

b†j"bj"b
†
j#bj#,

H =
X

p

p2

2m
b†pbp + !0

X

q

a†qaq +
X

qp

M(q)b†p+qbp(aq + a†�q),

Accessible fermion and fermion-boson models

i) Kondo

ii) Hubbard

iii) Fröhlich



DQS of fermionic interactions in superconducting circuits



DQS of fermionic interactions in superconducting circuits

R. Barends et al., Nat. Comm. 6, 7654 (2015)

DQS of 2-4 fermionic modes 

Multipurpose digital 9-qubit chip

Experiment in Google/UCSB in collaboration with Bilbao

More than 300 quantum gates

U. Las Heras et al., EPJ QT (2015)



Simple two-mode example: 
• hopping shows fermionic interaction 
• more steps: more resolution, but more error 

DQS of fermionic interactions in superconducting circuits

Experiment in Google/UCSB in collaboration with Bilbao



Two$mode( Three$mode( Four$mode(

1Q,$2Q$gates:$$
28,$6$ 87,$12$ 98,$10$

Es2mated$error:$$
0.067$ 0.16$ 0.15$

Exp.$Simula2on$error:$$
0.054$ 0.15$ 0.17$

DQS of fermionic interactions in superconducting circuits

Experiment in Google/UCSB in collaboration with Bilbao


